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ABSTRACT 


A  number  of  new  combinatorial  designs  are  found  as  direct  applications 
of  the  theory  of  error-correcting  codes.  Results  on  the  automorphism  groups 
of  Hadamard  matrices  are  presented.  A  simple  proof  of  the  well-known  Mac- 
Williams  relations,  together  with  a  generalization,  is  given.  We  have  con¬ 
structed  the  (24,12)  extended  code  of  Golay  over  GF(2)  in  a  particularly  sim¬ 
ple  way.  We  prove  that  each  of  the  seven  6;  2-15-36  designs  ((v,k,A)  designs) 
arising  from  the  difference  sets  of  size  15  in  the  Abelian  groups  of  order  36 
has  only  the  obvious  group  as  automorphism  group.  Each  of  these  designs  gives 
a  Hadamard  matrix  of  order  36. 

We  determine  the  covering  radius  for  BCH  codes  of  design  distance  2  over 
GF(q)  for  all  odd  prime  powers  q.  We  give  two  extensions  of  the  Peterson- 
Kasami-Lin  result  on  necessary  and  sufficient  conditions  for  an  extension  of 
a  cyclic  code  co  be  invariant  under  the  affine  group.  Explicit  factorizations 
of  x^-1  over  the  appropriate  quadratic-number  field  for  £= 7,  11,  13,  and  23 
are  given. 
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PART  NULLIUS 

ERRATA  FOR  OUR  1966  REPORT 
(Final  Report,  April  28,  1966,  AF1S(604) -8516) 


Add  to  equations  (10)  (and  (11)]  the  statement  "and  ni  j  |  is 
even  for  each  i" 

line  15:  For  !,i— i  ^  read  "  i—  -i 

Corollary  1,  third  line:  For  "...  in  R  1  +  ..." 

read  "...  in  R,  -1+  ..." 

line-5:  For  "extensive"  read  '' extension" 

Reference  [7]:  Author's  last  name  is  Menon 
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PART  I 
INTRODUCTION 

This  document  contains  reports  on  the  scientific  work  done  from  May  1, 

1966 ,  to  April  28,  1967,  under  the  contract  named  on  the  cover.  The  major  re¬ 
sult  is  in  Part  II,  "New  5-Designs,"  where  a  number  of  new  combinatorial  de¬ 
signs  are  found  as  direct  applications  of  the  theory  of  error-correcting  codes. 
Results  on  the  automorphism  groups  of  Hadamard  matrices,  some  of  which  are 
corollaries  of  the  results  of  Part  II,  are  presented  in  Parts  III  and  IV.  In 
Part  V  we  set  down  A.  M.  Gleason's  simple  proof  of  the  well-known  MacWilliams 
relations,  together  with  his  generalization  of  it  and  our  own  small  point  about 
generalizing  this  to  GF(q)  for  q  not  prime.  In  Part  VI  we  have  constructed 
the  (24,12)  extended  code  of  Golay  over  GF(2)  in  a  particularly  simple  way. 

Part  VII  contains  a  proof  that  each  of  the  seven  6;  2-15-36  designs  ((^,k,X) 
designs)  arising  from  the  difference  sets  of  size  15  in  the  Abelian  groups 
of  order  36  has  only  the  obvious  group  as  automorphism  group.  Each  of  these 
designs  gives  a  Hadamard  matrix  of  order  36. 

Part  VIII  determines  the  covering  radius  for  BCH  codes  of  designs  dis¬ 
tance  2  over  GF(q)  for  all  odd  prime  powers  q.  Part  IX  contains  two  exten¬ 
sions  of  the  Peterson-Kasami-Lin  result  on  necessary  and  sufficient  conditions 
for  an  extension  of  a  cyclic  code  to  be  invariant  under  the  affine  group. 

Part  X  contains  explicit  factorizations  of  x^-1  over  the  appropriate  quadratic- 
number  field  for  f=7,  11,  13,  and  23.  Part  XI  is  a  corrected  version  of  a 
chapter  of  our  1965  Report  under  Contract  No.  AF19(604) -8516 . 

Authorship  is  as  follows:  E.  F.  Assmus,  Jr.  and  K.  F.  Mattson,  Jr., 

Parts  II,  III,  and  X;  R.  J.  Turyn,  Parts  IV,  VI,  VII,  VIII,  and  XI.  Part  V 
as  taken  from  a  letter  of  A.  M.  Gleason,  was  slightly  edited  by  us  and  a 
short  paragraph  was  added  at  the  end.  Part  IX  is  by  Mattson  and  Turyn. 
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PART  II 
NEW  5-DESIGNS 
SECTION  1 
INTRODUCTION 

Tactical  configurations  and  Hadamard  matrices,  studied  for  many  years  by 
combinatorialists,  and  the  newer  subject  called  error-correcting  codes,  stud¬ 
ied  for  less  than  twenty  years,  have  some  interesting  interconnections.  The 
purpose  of  this  report  is  to  establish  a  number  of  new  results  arising  there¬ 
from. 

Our  main  result  is  the  construction  (via  Theorem  4.2)  of  several  new 
5-designs  on  24  and  48  points  and  the  determination  (Section  5)  of  their  auto¬ 
morphism  groups  as  PSLgfBS)  and  PSLgH?),  respectively.  A  secondary  result 
(Section  5)  is  that  PSL^f)  is  the  automorphism  group  of  certain  quadratic- 
residue  codes  of  length  £+1  for  all  primes  £  having  (£-l)/2  prime  and  satisfy¬ 
ing  23  <  £  <  4,079.  (For  £=23  we  use  [15]  and  a  new  5-design  on  24 
points;  the  other  cases  are  an  immediate  consequence  of  the  Parker  and  Nikolai 
search  [22].)  We  have  derived  elsewhere  [7]  the  consequence  that  for  £  =  -1 
(mod  12),  the  Paley-Hadamard  matrix  of  order  £+1  has  PSLg(£)  as  automorphism 
group  for  £  as  above. 

The  paper  furnishes  a  setting  for  the  two  classical  5-designs  and  their 
automorphism  groups,  the  Mathieu  groups  and  in  an  infinite  class  of 

designs  and  groups,  the  designs  coming  from  the  vectors  of  quadra tic -residue 
codes  and  the  groups  being  the  automorphism  groups  of  these  codes.  The  codes 
are  indexed  by  the  prime  £,  and  when  (£-l)/2  is  a  prime  greater  than  5,  a  re¬ 
sult  of  Ito  [15]  moreover,  implies  that  the  group  is  either  PSL^f)  or  is  5-fold 
transitive. 

We  also  establish: 

1)  The  existence  of  two  disjoint  5-designs  of  each  of  the  types 
found  of  the  smallest  "club"  size  (Section  6)  and  the  action 
of  PSLr(£)  on  each  of  these  collections. 

Ct 


* 


Some  of  these  results  were  announced  in  [4]. 
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2)  The  existence  of  two  infinite  classes  of  3-designs  (Theorem 
4-1  end  Application  (3)  in  Section  4) . 

3)  The  optimality  of  "almost  all"  cyclic  codes  of  a  given  prime 
length  (Section  2). 

4)  The  nonvanishing  of  all  subdeterminants  of  (z*^),  where  z  is 

a  primitive  £-th  root  of  1  and  the  nonvanishing  of  all  coeffi¬ 
cients  of  all  proper  divisors  of  x  -  1  in  characteristic  0 
(Section  2) . 

We  place  in  print  the  Gleason-Prange  theorem,  that  PSLgtf)  acts  on  every 
quadratic -residue  code  (Section  3). 

There  seem  to  be  few  papers  which  construct  designs  from  linear  codes. 
Paige  [21]  found  Steiner  systems  in  two  codes,  although  he  didn't  call  his 
linear  spaces  "codes."  We  pursued  in  [3]  the  course  he  had  started  on,  find¬ 
ing  for  each  Matnieu  group  M  a  code  with  M  as  automorphism  group,  for  which 
the  code  is  a  representation-space  of  smallest  possible  degree;  Paige  did 
this  for  M2g.  We  have  written  other  papers  on  two  kinds  of  Steiner  systems 
[4],  [5],  [6],  all  treated  by  the  coding-theory  approach  presented  here. 
Perhaps  the  first  explicit  construction  of  designs  from  codes  was  in  Bose's 
paper  [8]  on  the  corrections  between  error-correcting  codes  and  confounding 
and  fractional  replication  in  the  design  of  experiments.  Surprisingly,  there 
do  not  seem  to  be  any  others  except  a  recent  Codes  -  BIBD  report  [17],  al¬ 
though  numerous  strong  implicit  connections  in  the  literature  likely  exist. 

In  [14]  D.  R.  Hughes  considers  the  problem  of  constructing  t-designs  in 
relation  to  the  problem  of  transitively  extending  groups.  His  quite  differ¬ 
ent  methods  yield  t-designs  seemingly  unrelated  to  those  here,  except  that 
the  5-design  found  there  appears  here  also,  since  it  is  intimately  related  to 
the  Mathieu  group  (see  Section  6)  . 

Acknowledgement .  We  are  indebted  to  A.M.  Gleason,  Eugene  Prange,  and 
Richard  Turyn  for  many  interesting  discussions  concerning  this  subject.  In 
particular,  Theorem  3.1,  on  the  automorphism  groups  of  quadratic -residue 
codes,  was  first  proved  by  Gleason  and  Prange  and  our  proof  is  an  adaptation 
of  Prange' s.  Gleason  was  the  first  to  observe  the  existence  of  gaps  in  the 
weight-distribution,  a  fact  crucial  to  the  use  of  Theorem  4.2.  We  also  thank 
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Tohn  Thompson  for  pointing  out  to  us  that  the  Parker -Nikolai  result  implied 
that  the  automorphism  group  of  the  (48,24)  code  in  Section  4  had  to  be  small. 
Finally,  wa  gratefully  acknowledge  the  help  of  Nicodemo  Ciccia,  who  wrote  the 
computer  programs  which  suggested  the  existence  of  the  8;  5-12-48  design  and 
which  helped  determine  the  orbit  structure  of  PSLg  (47)  on  this  design. 

Definitions  of  Coding  Terms.  A  code,  as  defined  here  in  the  linear  case, 
is  a  pair  (A,S) ,  where  A  is  a  k-dimensional  vector  space  over  a  field  F,  and 
S  is  a  finite  set  of  linear  functionals  from  A  to  F  such  that  they  distinguish 
the  points  of  A,  i.e.,  x,  yeA  and  xf  =  yf  for  all  feS  implies  x  =  y;  this  is 
equivalent  to  saying  that  the  functionals  span  the  dual  space  of  A,  i.e., 

0  Ker  f=0.  (We  sometimes  want  to  disallow  two  functional  in  S  which  are 
scalar  multiples  of  each  other  and  at  other  times  allow  the  functionals  in 
S  to  appear  with  multiplicities.) 

If  x  is  in  A,  the  weight  of  x  is  defined  to  be  the  number  of  f  in  S  such 
that  xf  *  0,  and  the  distance  between  x  and  y  in  A  is  the  weight  of  x-y.  Dis¬ 
tance  is  translation- invariant. 

A  concrete  realization  of  the  code  (A,S)  is  the  set  of  all  vectors 
|xf^,  ...,  xfn),  xeA,  obtained  from  an  ordering  f^,  . ..,  ffl  of  S.  It  is  a 

subspace  of  Fn  =  Fx  . . .XF  (n  times),  n  being  the  cardinality  of  S.  n  is  called 
the  length  of  the  code.  The  weight  of  x  is  the  number  of  non-0  coordinates  in 
a  concrete  realization  of  the  code.  This  code  is  called  an  (n,k)  code  over  F. 
The  minimum  distance  d  from  one  code-vector  to  the  rest  is  the  same  for  each 
starting  point,  so  that  the  spheres  of  radius  pip]  about  the  code -vectors  are 
disjoint.  In  the  rare  case  that  these  spheres  exhaust  Fn,  the  code  is  called 
perfect. 

A  cyclic  (n,k)  code  is  one  for  which  some  concrete  realization  is  invari¬ 
ant  under  the  permutation  of  coordinates  sending  coordinate  i  to  i+1  (modulo 
n) .  Such  codes  can  be  regarded  as  ideals  in  the  ring  F[x]/(xn-l),  where  mul¬ 
tiplication  by  (the  residue  class  of)  x  is  the  cyclic  shift.  As  sucn,  they 
are  principal  ideals  generated  by  the  divisors  of  xn-l  over  F.  Thus,  if  g(x) 
divides  xn-l,  then  all  the  multiples  of  g(x)  in  F[x]  of  degree  less  than  n 
constitute  a  set  of  representatives  of  ( g(x) ) /(xn-l) .  g(x)  is  called  the 
generator  polynomial  of  the  code.  The  concrete  code  as  n-tuples  over  F, 


1 

i 
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furthermore,  is  given  recursively  by  the  complementary  divisor  of  g(x),  by 
which  we  mean  that  if  g^x)  g(x)  =  xn-l,  then  the  code  is  the  set  of  all 
laQ,  ...,  an  l),  a^F,  such  that 

Jfa  ***  =  °  J  =  °.  1.  •••»  “-1. 

k 

where  g^(x)  =  b^x  +**♦+  b^.  The  reader  who  would  like  to  see  more  discussion 
of  these  points  is  referred  to  [23,  Chapter  8]  or  [2,  Section  IV2] . 

It  is  sometimes  convenient  to  construct  cyclic  codes  as  follows.  Let  K 
be  F(z)  where  z  is  a  primitive  n-th  root  of  1  over  the  field  F.  Set  k  =  [K:F]. 
Let  f  be  any  non-0  F-linear  functional  on  K  as  vector  space  over  F.  Then  de- 
fine  a  set  S  of  n  coordinate  functions  f^,  — ,  f  ^  as  x  fi  =  (xz  jf,  xeK, 

i  =  0,  1,  _ _  n-1.  Then  (K,S)  is  a  cyclic  (n,k)  code  over  F.  This  code  is 

icmediately  seen  to  be  recursive  for  the  reverse  of  the  minimal  polynomial  of 
z  (i-e.,  that  of  z-1)over  F,  and  it  is  not  hard  to  Drove  that  the  ideal  gen¬ 
erator  polynomial  is  the  complementary  divisor.  This  construction  yields  only 
the  irreducible  cyclic  codes,  those  given  recursively  by  irreducible  poly¬ 
nomials;  but  all  cyclic  codes  are  direct  sums  of  irreducible  ones. 

The  orthogonal  code  to  a  given  code  is  obtained  as  the  subspace  of  Fn 
orthogonal  under  the  dot  product  with  a  given  concrete  realization  of  the  code. 
The  orthogonal  of  a  cyclic  code  is  cyclic. 

The  minimum  distance  of  the  code  (A,S)  over  F  is  unchanged  when  we  ex¬ 
tend  the  coefficient  field  F  to  an  overfield  L  by  the  tensor  product  [1]. 


The  minimum  non-0  weight  in  an  (n,k)  code  (A.S)  is  the  minimum  distance 
and  is  equal  to  n-m+1,  where  m  is  the  least  integer  such  that  every  subset  of 
m  coordinate  functions  spans  S.  Since  m  is  necessarily  at  least  k,  it  follows 
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where  d  is  the  minimum  distance.  This  bound  has  been  generalized  [11,29]  to 


n 


k-1 

>  E 

i=0 


d-i-q^-1 

i 

L  q 


(2) 


in  the  case  F  =  GF(q) . 

The  square-root  bound  for  cyclic  codes  is  the  following:  Suppose  xn-l  = 
(x-1)  g^(x)  g£{ x)  over  F,  where  g^(x)  and  gg(x)  both  have  degree  (n-l)/2.  Sup¬ 
pose  also  that  the  codes  A  and  B  having  g^(x)  and  gg(x),  respectively,  as 
generator  polynomials  have  the  same  minimum  weight  d  (as  we  shall  see  is  often 
the  case) .  Furthermore,  if  the  minimum  weight  vectors,  as  polynomials, 
d  d  fi 

m(  x)  =  7)  a .  x  and  b.x  =  m.(x),  are  not  multiples  of  x-1,  it  follows  that 

i  1  i  i  1 

m(x)m^(x)  is  a  scalar  multiple  of  xn  ^  +  x11  ^  +  •  •  •  +1.  This  implies  d^  >  n. 
It  is  sometimes  possible  to  choose  f^  =  -e^  (mod  n) ,  and  then  we  get  dvd-1) 

>  n-1. 

If  A  and  B  are  (n,k)  and  (n,n-k)  codes  orthogonal  to  each  other  over 
GF(q),  and  A^,  B^  denote  the  number  of  vectors  or  A,  B  of  weight  i,  then 
MacWilliams  has  proved  [20]  that 


These  MacWilliams  identities  are  basic  to  our  mair.  result.  Theorem  4.2. 


BLANK  PAGE 
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PART  II 
SECTION  2 
OPTIMAL  CODES 

Motivated  by  the  inequality  (1),  we  call  an  (n,k)  code  optimal  if 
d  =  n-k+1.  The  (n,  1)  code  {(a,  a  a) ;  a  e  GF(q)}  is  optimal,  and  the 

main  result  of  this  section  is  that  "almost  all"  cyclic  codes  of  prime  length 
are  optimal. 

Let  £  be  prime  and  consider  all  the  cyclic  codes  of  length  £  over 
GF(£)  =  F.  Since  x^  -  1  =  (x-1)^  over  F,  these  codes,  considered  as  ideals 
in  F[x]/(x£-  l),  are  the  ideals  A^  =  (x-1)*"  for  i  «  0,  1,  Thus  they 

satisfy 

(1)  =  A  DA  3  ...  D  A  =  (0)  . 

*  *  * 

The  dimension  of  A^  is  £-i.  The  minimum  weight  in  A.^  is  easy  to  deter¬ 
mine  directly:  If  f(x)  is  a  minimum-weight  polynomial  in  A^,  i=l,  ...,  £-1, 
cycled  so  that  the  constant  term  is  not  0,  then  f'(x)  is  a  vector  in  A^_^  with 
weight  1  less  than  that  of  f(x)  .  Therefore,  if  d.^  denotes  the  minimum  weight 
in  A . ,  we  have 

l 

1  =  dQ  <dl  <..,  <d£_1  =  £ 

since  we  have  d^  =  1  and  d^  ^  =  £  by  inspection.  Therefore  d^  =  i+1  for  i  =  0, 
1,  ...,  £-1.  We  have  proved 

LEMMA.  The  cyclic  (£,k)  codes  of  prime  length  £  over  GF(£)  are 
all  optimal. 

THEOREM  2.1.  Let  £  be  prime  and  let  z  be  a  primitive  £-th  root  of  1  over 
the  rational  field  Q.  Let  E  be  any  subfield  of  K  =  Q(z)  and  let  A  be  a  cyclic 
(£,k)  code  over  E.  Then  the  minimum  v?eight  of  A  is  £-k+l. 
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Proof.  The  module  consisting  of  all  code-vectors  of  A  with  coordinates 
in  C,  the  integers  of  E,  has  the  same  minimum  weight  that  A  has.  The  ideal 
CSL  is  a  power  of  a  principal  prime  ideal,  of  O ,  of  degree  1.  If  we  reduce  by 
the  residue-class  map  of  this  prime  ideal  we  obtain  a  cyclic  (£,k)  code  over 
GF(£),  which,  by  our  Lemma,  has  minimum  weight  f-k+1.  If  d  denotes  the  mini¬ 
mum  weight  of  A,  then  d  <f-k+l,  in  general;  and  we  have  just  proved  d  >  £-k+l, 
since  there  are  minimum  weight  code-vectors  in  the  module  not  all  coordinates 
of  which  are  in  the  principal  prime  ideal. 

A 

COROLLARY.  Any  proper  divisor  of  x  -  1  over  Q(z)  has  all  coefficients 
non-0. 

REMARKS.  1.  Enlarging  the  base  field  E  preserves  the  optimality  in  view 
of  the  result  in  Section  1  on  tensor  products. 

2.  This  theorem  furnishes  a  simple  indirect  proof  of  the  fol¬ 
lowing;  Let  r  =  [K:E].  Then  every  set  of  r  distinct  powers  of  z  is  linearly 
independent  over  E.  We  can  even  conclude  from  the  present  theorem  that  every 
subdeterminant  of  the  {  x  l  determinant  (z^  )  is  nonvanishing.  We  do  this  by 
first  considering  an  arbitrary  (£,k)  cyclic  code  over  K  given  recursively  by 

(x-z  ...  (x-z  kj,  0  <  <£,  the  e^'s  distinct  modulo  £.  This  code  con¬ 

sists  of  the  space  Kx  ...  xK  (k  times)  and  the  coordinate  functions  f^  defined 
by 


'V 


;)£j  ■ 


v 

=  C  jZ  + 


+  c,  z 
k 


V 


C1  cke^’  ^  =  •••>  £-1.  That  is,  it  is  the  direct  sum  of  the  codes 


/  ei  2ei  (»-l)ei\ 

ic^,c^z  ,c^z  ,  ...,  c^z  )  for  i  =  1,  ...,  k.  By  Theorem  2.1  and  the 

preceding  remark,  this  code  has  optimal  minimum  weight.  Therefore  every  set 

of  k  coordinate  functions  is  linearly  independent  over  K.  But  if  for  some  k 

choices  cf  j,  say  t^,  ...,  c^,  the  determinant  (z^^l  vanished,  then  it  would 

follow  that  f  ,  . . . ,  f  were  linearly  dependent  over  K. 

C1  k 
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THEOREM  2.2.  Let  £  be  a  prime.  Then  for  all  but  a  finite  number  of 
primes  p,  each  cyclic  code  of  length  £  over  GF(p^)  is  optimal  (for  all  i) . 

Proof.  A  cyclic  (£,k)  code  over  GF(q)  is  optimal  if  and  only  if  ever 
kx  k  determinant  in  for  i=l,  ...k,  and  j=0,  ...,  £-1,  is  nonvanish¬ 

ing,  where  the  code  is  defined  recursively  by  (x-£  ^)...(x~£  ^].  Such  deter¬ 
minants  are  the  images  under  residue-class  maps  of  the  nonvanishing  global 
/  j  e  j  \ 

determinants  in  lz  / .  These  determinants  are  non-0  integers  in  K  and  are, 

therefore,  dividible  by  only  a  finite  number  of  primes.  QED. 

We  have  proved  the  following  result  for  the  linear  case  [1],  and  it  has 
also  been  proved  more  generally,  in  [27]  and  implicitly  in  [26],  which  note 
a  connection  with  latin  squares.  We  omit  the  proof  here. 

THEOREM  2.3.  If  an  (n,k)  code  over  GF(q)  is  optimal,  then  q-1  >  min 
jk,n-k[.  Furthermore,  if  1  <  k  <  n-1  (i.e.,  if  this  minimum  is  at  least  2), 
then  q-1  >maxjk,n-k|. 

We  note  that  the  conclusion  of  this  Theorem  is  not  sufficient  to  give  an 
optimal  code.  For  example,  one  could  extend  the  coefficient-field  of  any  non- 
optimal  code. 
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PART  II 
SECTION  3 

ON  AUTOMORPHISM  GROUPS  OF  CODES 

In  this  section  we  prove  a  basic  result  due  to  Gleason  and  Prange  on  the 
automorphism  group  of  an  extended  quadratic-residue  code,  to  be  defined.  We 
will  then  find  some  corollaries  on  weights  in  codes. 

An  invariance  of  a  code  (A,S)  is  a  linear  transformation  a  of  A  onto  A 
such  that  for  each  f  in  S,  erf  =  c?g  for  some  scalar  a  (depending  on  f)  and 
some  g  in  S.  In  terms  of  the  concrete  realization  of  the  code,  a  is  a  mono¬ 
mial  matrix  which  preserves  the  code-space.  An  invariance  preserves  the 
weight  of  each  code-vector.  For  example,  the  cyclic  shift  is  an  invariance 
of  a  cyclic  code. 

The  automorphism  group  of  the  code  is  the  group  of  all  invariances  modulo 
scalar  multiplications.  In  this  report  we  are  mainly  concerned  with  the  per¬ 
mutation  aspects  of  the  automorphism  group,  so  we  remark  that  the  mapping 
which  sends  each  invariance  to  its  underlying  permutation  is  a  homomorphism 
of  the  invariance  group  which  sends  the  scalar  multiplications  to  the  identity 
permutation;  therefore,  we  shall  often  speak  of  this  or  that  permutation 
group  as  being  "contained  in"  the  automorphism  group  of  the  code. 

We  now  prove  that  the  projective  unimodular  group  PSL^C)  is  "contained 
in"  the  automorphism  group  of  the  extended  quadratic-residue  codes,  defined 
below. 

Let  £  be  an  odd  prime  and  let  z  be  a  primitive  £-th  root  of  unity  over 

the  field  Q  of  rational  numbers.  Let  K  =  Q(z)  be  the  cyclotomic  field  of  all 

£-th  roots  of  1  over  Q.  Then  K/Q  is  a  cyclic  extension  of  degree  C-l,  and  K 

contains  a  unique  subfield  L  of  degree  2  over  Q.  L  is,  in  fact,  generated  by 

7}  =  £z\  the  sum  being  taken  over  the  quadratic  residues  r  modulo  £,  since 

2 

i)  =  The  irreducible  polynomial  for  7)  over  Q  is  x  +  x  +  (1  +  £)/ 4, 

where  the  sign  is  chosen  to  make  (1  +  £)/ 4  an  integer.  Thus  L  =  Q  ( V  +  £  ), 

£  -1 

and  the  sign  is  that  in  f  =  +  1  (mod  4).  The  polynomial  x  +•••+!, 
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which  is  irreducible  over  Q,  splits  into  g^(x)  gg(x) ,irredueibles  of  degree 
( C — 1) /2  over  L.  There  are  cyclic  (P,(£+l)/2)  codes  over  L  denoted  as  follows 

A,  recursive  for  g^(x),  generated  as  ideal  by  (x-1)  g2(x) . 

A+,  recursive  for  (x-1)  g^(x),  generated  as  ideal  by  ggCx);  A  J_  A*'*. 

B  and  B+  are  defined  by  interchanging  g^(x)  and  g2(x)  above.  These  are 
called  global  quadratic-residue  codes,  since 

gjU)  =  7T  jx-zr)  ,  g2(x)  =  Tf  (x-zS) 
reR  seR' 

where  R  and  R'  are,  respectively,  the  quadratic  residues  and  nonresidues  mod¬ 
ulo  P. 

A  and  B  have  the  same  weight  distributions  (so  do  A^  and  B+) ,  because 
the  permutation  of  coordinates  sending  i  to  si  for  each  i  =  0,  1,  . ..,  P-1 
for  any  fixed  quadratic  nonresidue  s  modulo  P  interchanges  the  two  codes. 

As  Gleason  and  Prange  [9],  [25]  observed  in  the  finite  case,  these  codes 
can  be  embedded  in  spaces  of  P+1  dimensions  in  a  nice  way  which  allows  the 
projective  unimodular  group  to  act.  We  now  carry  over  Prange' s  construction 
to  the  present  global  situation. 

We  first  embed  the  codes.  The  coordinate  functions  for  A+  are  the 

f.:  L  X  K  —  L  defined  by 
3 

(C0’C)  fi  =  c0  +  TK/lJCZ  ^  c0eL’  ceK’ 

s 

i  =  0,  1,  ...,  P-1.  Similarly  for  B,  with  z  replaced  by  z  for  some  fixed 
seR' .  A  is  the  subcode  of  A+  given  by  restricting  the  f .  to  0  x  K,  i.e.,  by 
setting  Cq  =  0.  A  will  embed  as  a  subcode  of  A  so  we  define  the  embedding 
for  A+.  We  will  introduce  a  new  coordinate  function 
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for  some  ye L  to  be  chosen  so  that  the  new  code,  called  A  ,  will  be  orthogonal 
to  itself  or  to  the  corresponding  new  code  for  B  .  and  are  called 
extended  quadratic-residue  codes. 


Observe  that  ^CgjCjf^  =  yfc^;  letting  f|  and  be  the  coordinate  func¬ 
tions  for  with  =  -  y  J)  f|,  we  get  (c^cjf^  =  -y£ cQ. 

A  is  the  subcode  of  A  with  "infinite"  coordinate  equal  to  0. 

CO 

Orthogonality  depends  on  the  congruence  of  £  modulo  4.  The  results  are 
summarized  here  before  embedding: 

f  =  -1  (mod  4)  i  =  +1  (mod  4) 


Thus,  after  embedding,  we  have 


IA^  £  =  -1  (mod  4) 

B^  £  s  +1  (mod  4) 


provided  only  that  <1,  0  >  =  ( 1,  1,  ...,  1;  £y)  is  orthogonal  to  itself  or 
to  the  corresponding  vector  in  B^,  which  is  to  say 


1  +  £y2  =0  £  =  -1  (mod  4) 

1  -  £y2  =  0  £  H  +1  (mod  4) 


(1) 


Thus  y  is  determined  up  to  sign  as  1 / Y  +  £ ,  which  is  in  L  as  it  should  be. 

The  invariance  group  of  A^  obviously  contains  the  cyclic  shift  r  on  the 
"finite"  f^(r  fixes  f  );  similarly  for  B^.  It  also  contains  the  Galois  auto¬ 
morphisms  p  ,  which  send  f.  to  f  i  =  0,  ...,  £-1;  reR:  these  also  fix  f  . 
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We  now  prove  that  a  certain  interchange  of  and  f  is  an  invariance  o 
of  A  :  also,  the  permutation  parts  of  cr,  t^,  and  p  generate  the  (one-dimen- 
sional)  projective  unimodular  group  over  GF(  jP)  .  The  same  will  hold  for  B  . 
(The  projective  unimodular  group,  PSL0(£),  is  the  group  of  all  2x2  matrices 
over  GF(£)  with  determinant  1  modulo  the  center hj  +  .  Elements  of  this 

group  can  be  factored  as  follows: 


a  b\  _  ll  a/c\  /0-l\  /c  d  \ 
.c  d,  ”  \0  1  /  \1  0/  \0  1/c/ 


provided  c  £  0,} 

We  define  a  as  follows:  As  permutation  on  the  coordinate  functions  o 

sends  f,  to  f  , / .  (subscripts  modulo  4) ,  interchanging  fn  and  f  .  Signs  are 
i  -1/  i  u  co 

introduced  via  the  Legendre  symbol;  thus  crf^  =  where  =  (i/4)  1-1, 

4-1,  We  shall  choose  and  €  later,  as  +  1.  Thus 


e. 

i 


a 


-1/i’ 


€co  ao) 


We  must  prove  that  with  proper  choice  of  and  e^,  o  maps  onto  itself  and 

also  that  this  a  maps  B  onto  itself. 

co 

Case  1:  I  =  -1  (mod  4).  Since  A  -  L  <  1,  0  >(+)A,  it  suffices  to  show 

<l,fl>  a  e  Affl  and  Act  c  A^.  Thus  <L,0>  a  «  ( 1,1,  ...,  1  ;4y)a=(e^4y,  ... 

€.,  ..*  t  );  and  therefore 
l  oo' 

<1,  0  >  a  =(e0V  ~1,  ””  ~1;  e0€co7^) 


since  e.  e  =  (-1/4)  =  -1.  This  vector  obviously  cannot  be  in  A  unless 
1  -l/i  J  oo 

e_e  =  -1.  Thus  we  choose 
0  oo 


(2) 
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Now  <  1.  0  >  cr  is  in  A  if  and  only  if  it  annihilates  under  the  usual  dot- 

C-2 

product.  This  means  that  we  must  find  £yf  +  £  £, -  eySt  -  0  as  is  indeed  the 

1  1 

case;  and  also  we  need  <  1,  0  >  a  <  0,  c>  for  all  ceK.  That  is,  wo  must 
also  have 

^s£.y}  . . . ,  £^,  *f)  ■  (t(  c) ,  •  •  • ,  T  (cz  )  ,  o)  —  0, 

or 

efy  T(c)  +  Vr(czr)  -  V  T  (czS)  =  £fy  T(c)  +  (77-77  *)T(c)  =  0, 
reR  s£R' 

where  7j  =  £  zr(reR)  and  77 1  =  £}zS(seR'),  and  we  make  use  of  the  L-linearity 
of  T,  which  denotes  the  trace  from  K  to  L  here.  Thus  o  maps  A  onto  if 

CO  00 

and  only  if  £  and  y  are  chosen  so  that 

c£y  +  77  -  77 1  =  0  (3) 

O  _ 

Now  from  (1),  (yC)  '  =  -JC,  so  £y  =  +  \£T,  and  77 -77  ’  is  also  either  V-f  or 
-  V7T}  3u  £  tausc  be  taken  as  +1.  The  choice  depends  on  the  choice  of  notation 
for  g,  (x)  and  g9(x).  We  chose  z  to  be  a  root  of  g.(x);  thus  r,  is  the  negative 
of  the  coefficient  of  x^  "  '  in  g-^(x).  Thus  the  choice  of  notation  deter¬ 

mines  the  sign  of  £y,  and  we  are  free  to  choose  £  =  1  or  £  =  -1. 

We  now  show  that  <  0,  c  >  o  J_  A^  for  all  c£K.  Nov;  <0,  c  >  <x  = 

(0,  ...,  £iT(cz_1/,i) ,  ...,  ;  -£T(  c)  )  =  (aQ,  a^  . . .  ;  aj  is  in  A^  if  and 

£-1 

only  if  the  polynomial  ^a.x1  is  a  multiple  of  g.(x),  since  y  £a.  = 

1  i  0 

O 

y(?7 1 -tj)T(c)  =  eiy4 T(c)  =  -£T(c),  from  (2/  and  (1).  Now  g^(x)  is  irreducible 
and  has  z  as  a  root;  therefore  <0,  c  >  cr  £  A^  if  and  only  if  the  quantity 
D(c)  =0  for  all  ceK,  where  D(c)  is  defined  as 


JL 
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If  r  is  any  automorphism  of  K/Q, 


such  that  z 


T 


t 
Z  , 


then 


as  one  can  easily  verify  using  T(c)‘  =  t(cT).  Since  D  is  linear  and  z,  z1 , 
...  span  K/L*  it  suffices  to  prove  D(z)  =  0.  Now, 


D(z)  =  ^€iT(z1'1/l)2i 

1 

i-Z  ceS. 

-  y  e  zr~r/i  +  i 

i,r  * 

This  is  a  polynomial  in  z  of  degree  at  most  £-1  with  integral  coefficients. 

For  each  k  =  0,  1,  £-1  we  find  the  coefficient  of  z'  as  £  e.  where  i 

r,  i  1 

runs  over  the  solutions  of  r-r/i  +  i  =  k  (mod  £) .  These  i  are  the  same  as 

2  2 

those  for  which  i  +  (r-k)i  -  r  s  0  (mod  f) .  The  polynomial  x  +  (r-k)x  -  r 

never  has  double  roots  in  GF( £)  since  the  constant  term  is  in  R* .  Thus  for 

each  value  of  k  and  r  there  are  two  distinct  roots  i  and  i * ;  one  is  in  R,  the 

other  in  R' .  Thus  the  polynomial  in  z  is  identically  0.  This  completes  the 

proof  that  a  maps  onto  itself. 

PROPOSITION  3.1.  If  we  embed  A  vjith  y  and  B  with  -y,  then  there  ia  a 
choice  of  e  =  +1,  given  in  (3),  such  that  a  maps  each  of  A^  and  onto  itself. 

£+1 

CAUTION.  We  have  defined  cr  monomially  on  L  .  LX  K  is  embed  in 

£+1 

L  in  distinct  ways  as  A  and  B  .  The  linear  transformations  of  LX  K  in- 

•'  oo  co 

duced  by  cr  are  distinct. 
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Case  2.  £  =  +1  (mod  4).  We  must  use  y  to 

2 

order  to  make  A1-  =  B  in  this  case,  where  Cy  = 

00  CO 

find  that  <1,  0  >  if  and  only  if  = 


embed  A  and  -y  to  embed  B  in 
1.  We  define  cr  as  before  and 

1.  We  take 


e  = 


(4) 


Now  <1,  0  is  in  A  if  <  1,  0  >  cr  annihilates  B  and  the  vector 
<  1,  0  >;  the  former  happens  *.f  and  only  if,  as  before. 


eyf  -  (77-77  • )  =  0 


(5) 


Proceeding  as  in  Case  1  we  can  verify  that  y  and  €  are  related  by  (5). 

If  we  ask  whether  this  same  a  maps  B^  onto  itself,  then  the  part  relating 
to  <  1,  0  >  goes  through,  since  in  (5)  we  replace  y  by  -y  and  interchange 
tj  and  7} ' .  The  rest  goes  through  too;  the  part  involving  D(c)  is  formally  the 
same.  We  have  proved 

PROPOSITION  3.2.  If  £  =  +1  (mod  4)  and  we  use  y  to  embed  A,  -y  to  embed 
B,  then  A^  and  B^  are  orthogonal  to  each  other  and  a  maps  each  onto  itself, 
e  and  y  are  chosen  by  (4)  and  (5). 

We  are  equally  interested  in  the  finite  codes  obtained  from  A^  and  3^ 

by  mapping  the  integral  submodules  of  these  via  the  residue-class  maps  of 

primes  in  L  lying  over  the  rational  prime  p.  These  codes  we  denote  by  A^ 

(or  B  );  they  are  finite,  extended  quadratic  residue  codes  of  type  (£+?, 

P  2 

(C+l)/2)  over  GF(q),  where  q  =  p  or  p  depending  on  whether  p  is  or  is  not  a 
quadratic  residue  modulo  £. 

In  the  rest  of  the  report  we  often  refer  for  short  to  "the"  [f+1, 
code  over  GF(p)  (or  p^),  by  which  we  mean  the  code  A^  or  B^  just  defined; 
because  of  their  equivalence  under  a  monomial  transformation,  it  usually 
does  not  matter  which  one  we  consider. 

With  Propositions  3.1  and  3.2  we  have  essentially  proved 
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THEOREM  3.1.  The  automorphism  groups  of  the  two  extended  quadratic- 
residue  codes  and  each  contains  a  subgroup  of  which  the  permutation  part 
is  precisely  PSLgfC).  The  same  statement  holds  for  the  finite  codes  and  B^. 

Proof.  We  have  proved  this  in  the  global  case.  Formally  the  same  proof 
works  in  the  finite  case;  or  one  can  project  the  group  generated  by  the  invar¬ 
iances  pr,  t,  and  o  defined  globally  above  (the  permutations  of  which  generate 
PSl^C)  by  the  residue-class  map,  noting  that  all  scalars  involved  in  the 
definitions  of  these  invariances  are  +1. 

COROLLARY.  The  minimum  distance  in  A+  is  1  less  than  that  in  A;  the  same 
for  the  corresponding  finite  codes  over  any  GF(q)  for  which  (q/C)  =  +1.  In 
particular,  the  square-root  bound  holds  for  these  codes. 

A.  M.  Gleason  has  also  proved  Theorem  3.1  by  means  of  induced  representa¬ 
tions,  and  M.  Hall,  Jr.,  has  proved  essentially  this  result,  but  stated  for 
Paley-Hadamard  matrices  [12,  Theorem  2.1]  for  the  case  f  =  -1  (mod  4). 

When  C  =  -1  (mod  4)  we  can  use  the  self-orthogonality  of  A  and  B  to 

00  CO 

get  some  results  on  the  weight-distributions  of  these  codes  over  GF(2)  and 
GF( 3) . 

THEOREM  3.2  Let  £  3  -1  (mod  4).  If  (2/P)  =  +1,  then  Ag  and  Bg  have  all 
weights  divisible  by  4.  If  (3/C)  =  +1,  then  A^  and  B^  have  all  weights  divi¬ 
sible  by  3. 


Proof.  We  first  remark  that  the  set  of  cyclic  shifts  of  any  vector 
^Cq,c)  in  A+  spans  the  entire  code  A+  if  CqC  b  0.  This  is  true  because  A+  is 
the  direct  sum  of  the  irreducible  cyclic  code  A  and  the  "all-1"  code 
ja(l,  ...,  1);  aeLj.  This  result  therefore  holds  for  A^  and  hence  for  the 


codes  A 


When  C  =  8N-1,  2  is  in  R,  the  set  of  quadratic-residues  modulo  C,  and  the 


weight-4N  vector  a  =  [a^|  with  a^=  1  for  ieR  and  i  =  oo,  e.id  with  =  0  other¬ 
wise,  is  in  Ag.  Since  k^  is  self-orthogonal,  any  two  code-vectors  must  have 
an  even  number  of  places  with  I's  in  common;  this  implies  that  any  sum  of 
shifts  of  a  has  weight  divisible  by  4.  (A.M.  Gleason  was  the  first  to  observe 

this . ) 
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In  the  GF{3)  case 
(V  *’  aC-l;  aoo)  1S 


C-l 

2  v  2 
a-  +  Lai 
0 


co 


the  matter  is  very  simple.  Each  vector 
in  particular  orthogonal  to  Itself,  so 


=  0 


But  the  non-0  a's  are  +1,  so  their  number  must  be  a  multiple  of  3. 

COROLLARY.  The  extended  (24,12)  quadratic-residue  code  over  GF(3)  has 
minimum  weight  9. 

Proof.  It  is  greater  than  6  by  the  square-root  bound  and  it  is  less  than 
12  by  (2)  of  Section  1, 

It  is  also  true  that  the  extended  quadratic-residue  codes  over  GF(4)  for 
C  =  8N+5  have  all  weights  even.  Moreover,  2,  3,  and  4  are  the  only  values  of 
q  for  which  extended  quadratic-residue  codes  can  have  "regular"  gaps  in  their 
weight  distributions  [30];  for  q  =  2  one  might  have  all  weights  even  or  multi¬ 
ples  of  4,  for  q  =  3  all  weights  may  be  multiples  of  3,  and  for  q  =  4  all 
weights  may  be  even;  but  no  larger  divisors  are  possible. 

The  special  cases  of  the  above  for  t  -  23,  q  =  2  and  f  =  11,  q  =  3  are 
closely  related  to  the  Mathieu  groups.  For  proofs  that  in  the  first  case,  the 
automorphism  group  is  an<*  t^e  second  case,  M^„,  the  reader  should 

consult  [ 3] . 
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PART  XI 
SECTION  4 

COMBINATORIAL  DESIGNS  ASSOCIATED  WITH  CERTAIN  CYCLIC  CODES 

A  tactical  configuration  of  type  A;  t-d-n,  or  t-design,  is  a  collection 
Qj)  of  d-subsefcs*  of  a  given  n-set  S  such  that  every  t-subset  of  S  is  contained 
in  precisely  A  members  of  ^).  Here  A  is  a  positive  integer;  and  0  <  t  <  d  <  n, 
where  if  any  equality  obtains  we  call  the  design  trivial.  Balanced  incomplete 
block  designs  are  2-designs  with  restrictions  on  d  and  n;  where  A  =  1  the 
t-design  is  called  a  Steiner  system;  Steiner  triple  systems  are  1;  2-3-n  tac¬ 
tical  configurations;  and  projective  spaces  contain  several  2-designs,  for  ex¬ 
ample.  Also,  (v,k,A)  configurations  are  special  cases  of  A;  2-k-v  designs. 

The  automorphism  group  of  a  t-design  is  the  group  of  all  permutations  of 
S  which  map  each  member  of  ^J)  onto  a  member  of  C/). 

For  convenience  we  often  call  the  members  of  Q) clubs  or  d-clubs.  A 
t-design  is  automatically  a  t’ -design  for  t1  <  t.  Also,  the  clubs  of  a  given 
A;  t-d-n  design  containing  a  fixed  point  P  of  S  form  a  (t-1) -design  on  S-P 
when  P  is  removed  from  these  clubs.  The  new  parameters  are  A;  (t-1)  —  (d-1) 

-  ( n-1)  . 

No  one  has  discovered  nontrivial  t-designs  for  t  larger  than  5.  Two  es¬ 
sentially  unique  5-designs,  the  Steiner  systems  associated  with  the  Mathieu 
group  and  have  been  known  for  many  years,  however;  and  recently  [3] 

[14]  two  disjoint  Steiner  systems  of  these  types  were  constructed,  meaning 
that  2;  5-6-12  and  2;  5-8-24  designs  exist  (see  also  Section  6).  Aside  from 
these  and  such  designs  obtainable  as  certain  orbits  of  and  Mg^  (see  below) , 
which  have  been  at  least  implicitly  known  for  a  long  time,  no  other  nontrivial 
5-designs  were  known  until  recently.  The  main  purpose  of  this  section  is  to 
derive  all  of  the  above  designs,  except  perhaps  for  some  of  the  "orbit-designs" 
just  mentioned,  and  several  new  5-designs  which  are  not  "orbit-designs,"  by 
means  of  coding  theory.  Another  purpose  is  to  exhibit  two  infinite  classes 
of  3-designs  (Theorem  4.1  and  Application  (3)). 


An  x-set  is  a  set  of  cardinality  x. 
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Such  designs  can  arise  from  codes  as  follows.  From  a  given  code  consider 
the  set  of  all  vectors  of  a  certain  weight  w.  For  each  such  vector  consider 

the  set  D  of  all  coordinate  places  at  which  the  vector  is  not  0.  D  is  thus 

said  to  hold  a  code-vector  of  weight  w.  For  certain  codes  and  certain  values 
of  w,  the  collection  of  all  such  sets  D  forms  a  t-design  for  t  as  high  as  5. 

For  example,  we  showed  this  for  t  =  5  for  the  minimum-weight  vectors  of  the 

finite  extended  quadratic -residue  codes  of  type  (24,12)  over  GF(2)  and  (12,6) 
over  GF(3)  by  direct  special  methods  in  [3].  In  different  terms  this  was  also 
done  for  the  (23,12)  and  (11,6)  codes  for  t  =  4  by  Paige  [21].  We  shall  derive 
these  and  all  the  other  cases  as  applications  of  Theorem  4.2  below. 

We  begin  with  the  following  simple  remark. 

PROPOSITION.  A  code  is  optimal  if  and  only  if  the  minimal-weight  vectors 
yield  a  trivial  design. 

Proof.  Suppose  it  is  an  (n,k)  code  of  minimum  weight  d,  such  that  every 
d-subset  of  coordinate  places  holds  a  code-vector.  We  wish  to  prove  that 
d  =  n-k+1.  Consider  the  subcode  C  spanned  by  the  minimum- weight  vectors: 
the  orthogonal  code  to  C  has  every  subset  of  d  coordinate-functions  linearly 
dependent,  but  no  subset  of  size  d-1  with  this  property;  it  therefore  has  di¬ 
mension  d-1,  so  that  C  has  dimension  n  -  (d-1)  <  k.  The  reverse  inequality 
holds  in  general,  by  (1)  of  Section  2. 

Conversely,  if  d  =  n-k+1,  then  every  k  coordinate  functions  are  linearly 
independent.  Given  a  d-subset  of  coordinate  functions,  we  consider  the 
n-d  =  k-1  functions  of  the  complementary  subset.  The  intersection  of  the  ker¬ 
nels  of  these  is  non-0;  a  non-0  vector  in  it  must  have  weight  d.  QED. 


The  following  result  is  an  immediate  consequence  cf  Theorem  3.1  and  the 
fact  that  the  PSL^J?)  is  2-fold  transitive,  in  general,  and  3-set  transitive 
when  £  =  4N-1.  Also,  PGL„(£)  is  3-fold  transitive  and  acts  on  A  (JB  . 

Z  00  00 


THEOREM  4.1.  The  finite  extended  quadratic-residue  codes  of  length  £+1 

yinld  2-designs  for  all  £  and  3-designs  when  £  =  -l(mod  4),  from  every  weight- 

class  of  code-vectors.  Also,  in  all  cases  the  union  of  A  and  B  yields  3-de- 

P  P 

signs  from  each  weight  class. 
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Remark.  In  view  of  the  proposition  above  and  Theorem  2.3,  we  have  that 
the  minimum  weight  vectors  in  A  always  yield  a  nontrivial  design  (on  which 

C+l  2 

PSL0(  f)  acts)  whenever  q-I  <  , .  (Recall  that  q  =  p  or  p  depending  on 

whether  p  is  a  quadratic  residue  modulo  C  or  not.)  In  particular  then,  A9 

f+I  Z 

yields  a  nontrivial  design  whenever  C  >  5  and,  of  course,  d  , 

d(d-l)  >  C-l.  The  determination  of  d  seems  to  be,  in  general,  a  difficult 

problem. 


Let  A  and  B  be  linear  orthogonal  (n,k)  and  (n,n-k)  codes  over  GF(q)  with 


minimum  weights  d  and  e.  Let  t  be  an  integer  less  than  d.  Let  vq  be  the 


largest  integer  satisfying  vq  - 


vq+  (q-2) 


<  d,  and  wq  the  largest  integer 


satisfying  w 

o 


wq+  (q-2) 


<  e,  where,  if  q  =  2,  we  take  v  =  w  =  n.  (Such 

o  o 


a  restriction  ensures  that  two  vectors  of  A  with  weight  at  most  vq  having 
their  non-0  coordinates  in  the  same  places  must  be  scalar  multiples  of  each 
ocher.) 


THEOREM  4.2.  Suppose  that  the  number  of  non-0  weights  of  B  which  are 
less  than  or  equal  to  n-t  is  itself  less  than  or  equal  to  d-t.  Then,  for  each 
weight  v  with  d  =■  v  =  v  ,  the  vectors  of  weight  v  in  A  yield  a  t-design,  and 

O  V  X 

for  each  weight  w  with  e  =  w  =  Minjn-t,wc|,  the  vectors  of  weight  w  in  B  yield 
a  t-design. 


Before  proving  the  above  result  we  remark  that  for  B  we  will  in  fact 
show  that  for  each  weight  w,  with  e  <w  <  Min  jn-t,wQ|,  the  vectors  of  weight 
w  yield  blocks  the  complements  of  which  form  a  t-design.  We  will  need  the 
following  combinatorial 

LEMMA.  Suppose  (S,£/))  is  a  t-design.  Then,  if  T  and  T'  are  two  t-sub- 
sets  of  S,  and  k  an  integer  satisfying  0  =  k  t,  we  have  that 


j{DeSl-  |dht|  =k}|  =  |{Deg);  |DHT'|  =k}|. 

That  is,  the  number  of  subsets  in  Q)  striking  a  given  t-subset  precisely  K 
times  is  independent  of  the  chosen  t-subset. 
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Proof.  For  k=t  the  assertion  is  simply  the  condition  that  (S ,(/')  is  a 
t-design.  Now  we  use  induction  downwards  observing  that  for  KCT,  | K }  =  k, 
we  have  that 


|jDel/i;KCDi 


where  (S,(y))  has  parameters  X;  t-d-n,  and  hence  that 
| {( K, D)  ;  K  C  D,  K  C  T,|k|  =  k}|  =  (£)xk  . 


Then  an  inclusion-exclusion  argument  yields  the  result. 

COROLLARY.  The  complement  of  a  t-design  is  a  t-design. 

^Here,  if  (S is  a  t-design,  then  its  complement  is  |s,  js-D;Ds(/)jj . 

Of  course,  if  n-d  <  t  it  is  trivially  so.j  Complementary  t-designs  have 
parameters  A;  t-d-n  and  X';  t-(n-d) -n,  where  X'  =  *(ntd)^(d)  • 

Proof  of  the  Theorem.  J.f  T  is  a  coordinate  set  with  [ T  J  =  t  we  denote 
T 

by  A  the  code  of  length  n-t  obtained  by  neglecting  the  coordinates  in  T.  We 
0  JT 

denote  by  B  the  code  of  length  n-t  obtained  from  the  vectors  in  B  which 

have  0's  at  the  coordinates  in  T  by  neglecting  those  coordinates.  Clearly, 

T  I  o*r  T 

A  J_B  .  Since  every  n-d+1  coordinate  functionals  of  A  span  and  t  <  d,  A 

is  an  (n-t,k)  code.  Since  the  vectors  of  A  are  the  relations  on  the  func¬ 
tionals  of  B  and  t  <  d,  the  functionals  corresponding  to  the  coordinates  in  T 
are  linearly  independent  and  B  is  an  (n-t,n-k-t)  code.  Thus,  A1  and  Bu< 
are  orthogonal.  Let  0  <  v^  <  Vg  <  . . .  <  t  ^  n-t  he  the  possible  non-0 

weights  less  than  or  equal  to  n-t  appearing  in  B.  Then  the  only  non-0  weights 

0»rf  T 

appearing  in  B  are  among  v^,  ...,  v^_t.  The  minimum  weight  in  A  is  at 

least  d-t. 
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T  o?T 

The  MacWilliams  relations  for  A  and  Bu  determine  the  number  of  vectors 
of  each  of  these  weights  uniquely  in  terms  of  n,  t,  q,  and  k  via  d-t  equations 


l  =  qn-t-k-|lin-t\  /n-C\ 

i  ~v  ^  > . .  .  ,vd_c\  /  J  \  n  /  v  .u  / 


M  =  0,  1,  .  •  •  t 

Vandermonde . 


d-t-1,  since  the  determinant  of  the  coefficients  is  essentially 
Since  the  weight  distribution  alone  of  a  code  determines  that 


of  the  orthogonal  code,  again  from  MacWilliams  [20],  the  weight  distributions 
T  0£*T 

of  A  and  B  are  independent  of  the  particular  t-subset,  T,  chosen. 

We  now  turn  to  the  assertion  concerning  the  t-designs  which  B  yields. 

Suppose  v  is  a  weight  in  B  satisfying  v  =  w^,  v  =  n-t.  If  b  and  b1  are  two 
vectors  of  B  of  weight  v  with  their  non-0  coordinates  ac  the  same  coordinate 
set,  then,  since  v  =“  Wq,  b1  is  a  scalar  multiple  of  b.  Consider  the  collec¬ 
tion  (^v  of  coordinate  v-subsets  holding  vectors  of  weight  v  in  B.  Let  $' 
be  the  set  of  complements.  By  the  Corollary  to  the  Lemma,  to  show  that 

is  a  t-design,  it  is  enough  to  show  that  is.  But,  for  a  given  t-set  T, 

the  number  of  subsets  in  containing  T  is  — jr  times  the  number  of  vectors 
0*/T  V 

in  B  of  weight  v,  and  this  number,  by  the  above,  is  independent  of  which 
t-subset,  T,  is  chosen. 

The  similar  assertion  for  A  is  a  bit  more  complicated  to  prove  and  we 
must  apply  the  full  Lemma.  We  start  with  w  =  d,  which  certainly  satisfies 
w  =  vQ.  As  before,  any  two  vectors  of  A  of  weight  w  held  by  the  same  coordi¬ 
nate-set  are  scalar  multiples  of  one  another.  Let  be  the  collection  of 
coordinate  w-subsets  holding  vectors  of  weight  w  in  A.  The  number  of  subsets 
in  (J)^  containing  a  given  t-subset  T  is  times  the  number  of  vectors  of 
weight  d-t  in  A1  and  this,  again,  is  independent  of  which  t-subset,  T,  is 
chosen.  We  proceed  by  induction.  So  suppose  we  know  the  assertion  of  the 
theorem  for  w1  <  w  where  w  ^  >._.  With  {j)  as  before,  we  know  that  the  number 


l 

of  subsets  in  containing  a  given  t-subset,  T,  is  times  the  number  of 

vectors  in  A^  of  weight  w-t  which  come  from  vectors  of  weight  w  in  A.  Now, 

T 

the  total  number  of  vectors  of  weight  w-t  in  A  is  independent  of  T  and  it 
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follows  immediately  from  the  Lemma  and  the  induction  assumption  that  the  nurn- 

T 

ber  of  vectors  of  weight  w-t  in  A"  coming  from  vectors  of  weight  less  than  w 
in  A  is  independent  of  T.  Thus,  yields  a  t-design.  This  concludes  the 
proof  of  the  Theorem. 


Applications  of  the  Theorem.  (1)  Suppose  A  is  a  perfect  code  over  GF(q) 
with  minimum  weight  d.  Then  d  is  necessarily  odd  and  the  number  of  non-0 
weights  in  its  orthogonal  complement  is  at  most  [10,18].  Thus,  we  can 
take  t  =  -g ~  and  the  Theorem  yields  t-designs.  Cf. [6, Theorem  1]. 


MacWilliams  [19]  has  shown  that  a  necessary  and  sufficient  condition  for 
A  to  be  perfect  is  that  its  orthogonal  complement  have  precisely  (d-l)/2  non-0 
weights.  Our  methods  yield  part  of  this  result  for  GF(2),  namely,  that  a 
perfect  linear  code  over  GF(2)  has  at  least  (d-l)/2  distinct  non-0  weights  in 
its  orthogonal  code:  Let  d  =  2e+l.  If  there  were  fewer  than  e  weights,  the 
Theorem  would  yield  an  (e+2) -design  from  the  minimum-weight  vectors  of  the 
perfect  code.  In  general  there  are  (q-1)  e+1(e+]J/(ef such  vectors  in  the  code 
because  the  parameters  of  the  (e+1) -design  are  known  (see  [6]);  this  means 
that  for  the  (e+2) -design  A  would  be  (q-1)  e/(n-e-l).  When  q  =  2,  this  can¬ 
not  be  an  integer  unless  n  =  d,  implying  that  the  code  is  |(0  0), 

(1  1  1)|  ,  which  does  have  exactly  e  distinct  non-0  weights  in  its  orthog¬ 

onal  code  and  which  yields  a  trivial  1;  t-n-n  design  for  all  t.  This  proof 
cannot  work  in  general,  however,  because  the  perfect  (11,6)  code  over  GF(3) 
(see  Section  4)  having  d  =  5  yields  a  3-design  by  the  Theorem,  but  also  yields 
in  fact  a  4-design,  a  1;  4-5-11  Steiner  system. 


(2)  We  now  derive  well-known  5-designs  and  several  new  5-designs  by  ap¬ 
plying  Theorem  4.2  to  certain  extended  quadratic-residue  codes. 

a)  5-designs  on  12  points.  Consider  the  (12,6)  code  over  GF(3).  This 
code  is  self -orthogonal  and  has  vectors  of  weights  0,  6,  9,  and  12  only.  Thus 
for  t  =  5  there  is  only  one  non-0  weight  less  than  7  =  12-5,  and  d-t  =  6-5  =  1 
Therefore,  the  Theorem  yields  a  A;  5-6-12  design  as  the  6-subsets  of  coordi¬ 
nate-places  holding  code-vectors.  The  weight-distribution  shows  now  that 
A  =  1,  because  there  are  4.66  weight-6  vectors  and,  for  a  A;  t-d-n  design  ob¬ 
tained  in  this  way,  we  have  A  where  N  is  the  number  of  code-vec¬ 

tors  of  weight  d. 
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For  this  code  the  weight-9  vectors  also  yield  a  design,  but  it  is  the 
trivial  design  since  all  9-subsets  arise  in  this  way.  This  follows  simply 
from  the  way  PSLg(  11)  acts. 

The  1;  5-6-12  design  is  the  well-known  Steiner  system  having  the  Mathieu 
group  as  automorphsim  group;  M^g  is  also  the  automorphism  group  of  the 
code  [3,  Section  4J. 

b)  5  designs  on  24  points.  Consider  first  the  (24,12)  code  over  GF(2) . 
This  again  is  self-orthogonal,  with  non-0  weights  8,  12,  16,  and  24.  With 
t  =  5  we  find  three  weights  less  than  or  equal  to  24-5  =  19  and  d-t  =  3. 
Therefore,  since  q  =  2  we  have  5-designs  of  8-,  12-,  and  16-subsets  as  follows: 

1;  5-8-24 

48;  5-12-24 

78;  5-16-24 

These  X's  are  calculated  from  the  weight-distribution,  which  appears  in 
[23,  p.  70].  Note  that  the  first  and  third  of  these  are  complementary  designs 
and  the  second  of  these  is  self-complementary,  because  of  the  presence  of  the 
all-1  vector  in  the  code.  Again,  the  1;  5-8-24  design  is  the  well-known 
Steiner  system  having  the  Mathieu  group  Mg^  as  automorphism  group,  and  the 
code  also  has  Mg^  as  automorphism  group  [3,  Section  5]. 

Secondly,  consider  the  (24,12)  code  over  GF(3).  It  is  self-orthogonal 
with  non-0  weights  9,  12,  15,  18,  21,  and  24.  For  t  =  5  there  are  four 
weights  below  19  and  d-t  =  4.  Thus  we  get  some  new  5-designs  from  the  9-, 

12-,  and  15-subsets  holding  code-vectors,  namely,  the  following: 

6;  5-9-24 

26  •  32;  5  -  12  -  24 

22 - 3 • 5 • 11* 13;  5-15-24 

The  first  and  third  of  these  are.  not  complementary,  but  we  do  not  know  whether 
the  second  design  is  self -complementary.  The  automorphism  group  of  the  6; 
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but  PSLg  (23) — hence  the  same  for  the  code — a  fact 
which  will  be  proved  later. 

c)  5-deslgns  on  48  points.  Tne  (48,24)  code  over  GF(2)  has  8  non-0 
weights:  12,  16,  20,  24,  28,  32,  36,  and  48.  It  is  self-orthogonal  and 
d  =  12.  Thus  again  d-5  is  the  number  of  weights  less  than  or  equal  to  48-5, 
so  the  Theorem  applies.  From  the  weight- ;buticn  we  find  the  following 
parameters  for  the  resulting  designs: 

23;  5-12-48 

3*5*7-13;  5-16-48 

24- 7* 17* 19;  5-20-48 

23*3*5*7*227;  5-24-48 


5-9-24  design  is  not 


The  code-vectors  of  weights  28,  32,  and  36  form  the  5-designs  complementary 
to  the  first  three  of  these.  The  last  is  self-complementary.  We  shall  prove 
later  that  the  automorphism  group  of  each  of  these  designs  and  of  the  (48,24) 
code  is  PSL2(47) . 

There  are  more  5 -designs  obtainable  as  the  orbits  of  subsets  of  sets  on 
which  5-fold  transitive  groups  act;  but,  as  we  have  said,  some  of  the  above 
5-desi.g::->  are  not  obtainable  in  this  way.  As  an  example  of  such  a  5-design, 


consider  a  12-subset  U  of  the  24  points  on  which  acts  such  that  the  sta¬ 
bility  subgroup  in  ° f  0  is  T^ien  t^e  orbit  of  U  under  is  a  5-de¬ 
sign  on  24  points  consisting  of  1^24  1^12 1  ^-subsets;  it  is  a  48;  5-12-24 

design  with  M„.  as  automorphism  group. 


(3)  Finally,  we  apply  the  theorem  to  the  construction  of  3-designs. 

a)  3-designs  on  14  points.  Consider  the  (14,7)  quadra tic -residue  code 
over  GF(4) .  Here  Theorem  4.1  tells  us  only  that  each  weight  class  yields 
2-designs;  Theorem  4.2,  however,  produces  3-designs.  The  non-0  weights  that 
appear  are  6,  8,  12,  14.  Since  d-3  =  6-3  =  3  and  there  are  3  non-0  weights 
less  than  or  equal  to  14-3  =  11,  we  obtain  3-designs  from  the  weight  6  vectors 
and  the  weight  8  vectors.  The  parameters  are 
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weight  w 

2 


N  =  number  of  code-vectors 
— w - 


k-l 

(2k-  l)(2k_1+  l) 

jk-1  +  2(k-l)/2 

(2k-  l)(2k-2-  2<k-3>/2) 

,k-l  _  2(k-l)/2 

<2k-  l )  (2k-2+  2<k-3^2) 

One  can  show  that  the  orthogonal  code  to  any  of  these  codes  has  minimum  dis¬ 
tance  5  (for  it  must  be  odd  and  at  least  5;  if  7  the  code  would  be  perfect!) 
Using  the  MacWilliams  relations  one  could  calculate  the  weight-distribution 
of  the  orthogonal  and  find  the  A's  for  the  3-designs  obtained  by  introducing, 

as  above,  the  new  coordinate.  For  the  (2  , 2k+l)  codes,  the  designs  are  of 
k 

type  2Nw;  3-w-2  ,  with  w  and  as  above. 


(4)  Examples  for  small  n.  Some  2-  and  3-designs  obtained  from  extended 
quadratic-residue  codes  are  presented  in  the  following  table,  along  with  the 
weight-distributions  of  the  codes.  stands  for  the  number  of  code-vectors 
of  weight  w  in  the  indicated  (n,n/2)  code  over  GF(q) ;  the  entry  > ;  t  in  column 
w  means  that  the  code-vectors  of  weight  w  for  that  code  yield  a  A.;  t-w-n  de¬ 
sign. 


w  =  6 

7 

8 

9 

10 

11 

12 

13 

14 

N 

w 

330 

39S 

495 

1320 

990 

396 

168 

n 

q 

A;t 

10;  3 

21;  3 

42;  3 

12 

4 

N 

w 

440 

528 

2640 

2640 

5544 

2640 

1192 

12 

5 

A;t 

10;  3 

21;  3 

K 

w 

182 

156 

364 

364 

546 

364 

182 

0 

28 

14 

3 

A;t 

15;2 

18;  2 

56;2 

72;  2 

13  5 ;  2 

110;2 

trivial 

N 

w 

102 

153 

153 

102 

A;t 

10;  2 

28;2 

18 

2 

A;  t* 

5;  3 

21;  3 

$ 

These  3-designs  are  obtained  from  the  union  of  the  two  disjoint  quadratic- 
residue  codes,  on  which  the  3-set  transitive  PGLgC 17)  acts. 
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Ocher  codes  which  might  repay  investigation  are  the  (48,24)  and  (60,30), 
both  over  GF(3).  In  order  for  Theorem  4.2  to  produce  a  5-design,  the  minimum 
distances  would  have  to  be  15  and  18,  respectively.  The  (72,36)  code  over 
GF(3)  has  a  vector  of  weight  18,  so  the  Theorem  gives  no  information  on  that 
case;  similarly,  --amputations  by  Prange  rule  out  the  (£+1,  (£+1)  /2)  codes  over 
GF(2)  for  47  <  £  <  200  For  a  5-design  over  GF(2),  d  must  be  greater  than 
£/6,  an  unlikely  result  for  large  £. 
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} 


PART  II 
SECTION  5 

AUTOMORPHISM  GROUPS  OF  QUADRATIC-RESIDUE  CODES  AND  5-DESIGNS 


Let  £  be  an  odd  prime,  p  a  prime  distinct  from  £,  and  A  and  B  the  two  finite 

|f+l,  extended  quadratic -residue  codes  over  GF(q)  defined  in  Section  3, 

where  q  =  p  or  depending  on  whether  or  not  p  is  a  quadratic  residue  modulo 
£.  Let  G  be  the  automorphism  group  of  A.  We  know  that  PSL2(C)  is  "contained 
in"  G  and  that  equality  does  not  always  obtain.  This  section  will  establish 
equality  in  certain  cases. 


We  know,  in  general,  that  PGL2(£)  is  not  "contained  in"  G,  since  any  ele¬ 
ment  of  PGLgff)  not  in  PSL2(£)  will  interchange  A  and  B. 


Let  G^  be  the  stability  group  of  co,  i.e.,  G^  =  |creG;  n(oo)  =  oo>.  G^  is 
a  transitive  permutation  group  on  £  letters;  it  contains  the  permutations  of 
the  form  x  ax+b  where  aeGF(C)  is  a  quadratic  residue  and  b  is  an  arbitrary 


element  of  GF(£).  Call  the  group  of  all  such  permutations  H.  Then  G  =  PSL2(£) 
if  and  only  if  G  =  H.  Moreover,  the  intersection  of  G  with  the  full  ax+b 

CO  00 

group  is  always  H  since  gP)K;L2(£)  -  PSL2(£). 


Now,  given  any  transitive  permutation  group  on  £  letters,  any  nontrivial 


normal  subgroup  is  also  transitive. 


We  shall  also  need  the  result  that  the  subgroup  H  defined  above  has  the 
group  of  all  o:x  ax+b,  for  all  aeGF(C)'  and  all  beGF(£)  as  its  normalizer 
in  the  symmetric  group  on  £  letters.  One  proves  this  by  examining  a  ^  Z  n, 
where  n  is  in  the  normalizer  and  «(0)  =  0,  «(1)  =  1,  and  Z  in  H  sends  x  to 
x+1. 


It  follows  that  a  permutation  group  on  £  letters  which  contains  H  but 
not  the  full  "ax+b"  group  defined  above  is  solvable  if  and  only  if  it  equals 
H.  To  see  this  one  looks  at  a  composition  series  of  the  given  group,  K  say, 
K  =  •  -ZD  K^ID  je} .  Now  Kn  is  a  simple  transitive  Abelian  group  on  £ 

letters,  hence  cyclic  of  order  £.  It  is  therefore  permutation-isomorphic  to 
the  group  generated  by  Z  above.  Since  <  Z  >  is  characteristic  in  the  ax+b 
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group  and  is  normal  in  Che  latter  is  isomorphic  to  a  subgroup  of  the 

ax+b  group.  By  induction  so  is  K.  Since  K  J3  H  either  K  =  H  or  (K:H)  =  2 
and  K  is  the  full  ax+b  group,  a  case  ruled  out  by  hypothesis.  We  now  have 
the  following 

THEOREM  5.1.  If  G  properly  "contains"  PSL-(£)  then  G  is  a  nonsolvable 

6  CO 

£-1  > 

transitive  permutation  group  on  £  letters.  Moreover,  if  — =  7  and  is  prime, 
then  G  properly  "contains"  PSL9(£)  if  and  only  if  G  is  5-fold  transitive. 

Proof.  The  first  assertion  follows  from  the  above  discussion.  As  for 
the  second,  the  5-fold  transitivity  of  G  immediately  implies  GI3  PSLgtf);  and 
the  reverse  implication  is  an  immediate  consequence  of  the  nonsolvability  of 
G^  and  a  deep  result  of  Ito's  [15,  p.  151]. 

Parker  and  Nikolai  have  demonstrated  the  nonexistence  of  nonsolvable 
transitive  permutation  groups  on  £  letters  for  £  a  prime  such  that  £  #  11,  23, 

£  =  4,079,  and  prime.  Therefore,  we  have 

COROLLARY  1.  For  each  Parker-Nikclai  value  of  £,  the  codes  A  and  B  (for 
each  p)  have  PSLgtf)  as  automorphism  group.  In  particular,  the  5-designs  on 
48  points  have  PSLgW)  as  automorphism  group. 

We  remark  that  we  first  discovered  that  the  group  for  £  =  47  is  not 
5-fold  transitive  by  calculating  and  examining  some  of  the  weight-12  code- 
vectors. 

COROLLARY  2.  The  (24,12)  codes  A  and  B  over  GF(3)  and  the  associated 
5-designs  on  24  points  have  PSLg^)  as  automorphism  group. 

Proof.  If  the  group  were  larger  than  PSLg^S),  it  would  have  to  be  the 
Mathieu  group  Mg^,  since  that  is  the  only  5-fold  transitive  group  on  24  letters 
[13,  p.  80].  Mg4  is  the  automorphism  group  of  the  1;  5-8-24  design,  and  if  it 
also  acted  on  the  6;  5-9-24  design  associated  with  the  minimum-weight  vectors 
of  the  present  code,  then  the  subgroup  Mq  of  M^  fixing  each  of  5  given  points 
would  have  to  permute  the  6  9-subsets  of  the  new  design  containing  those  5 
points.  Mq  has  order  48  and  it  has  two  orbits  on  the  remaining  19  points: 
one  of  length  3  and  one  of  length  16.  If  we  set  down  an  incidence  matrix  of 
6  rows  and  24  columns  for  the  6  9 -subsets  mentioned  above,  then  Mq,  acting 
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on  the  columns,  permutes  the  rows  of  the  matrix.  Ignoring  the  first  5  columns 
with  all  l's,  we  find  tt.at  each  of  the  3  columns  in  one  orbit  therefore  has 
the  same  number,  say  x,  of  l's;  similarly,  each  of  the  16  other  columns  has  y 
l's.  Therefore  3x  +16y  =  24;  but  this  is  not  solvable  in  integers  since 
x  <  6.  Therefore  cannot  act  on  the  6;  5-9-24  design,  and  the  group  of  the 
latter  is  PSLg^S). 

(One  can  see  that  Mq  acts  as  claimed  directly  from  the  description  of 
in  [31];  or,  taking  as  the  automorphism  group  of  the  5-8-24  Steiner  system, 
assuming  only  the  5-fold  transitivity  and  the  order  of  1*24 *  one  can  prove  that 
only  the  identity  of  can  fix  each  of  7  points  not  contained  in  an  8 -set  of 

the  1;  5-8-24  design.  From  this  the  action  of  Mq  follows  d.’rectly.) 

These  two  Corollaries  allow  us  to  prove  [7]  that  PSI^i)  is  the  auto¬ 
morphism  group  of  the  Paley-Hadamard  matrix  of  order  £+1  when  (C-l)/2  is  prime, 
£  =  -1  (mod  12),  and  23  <  £  <  4,079.  The  reason  for  the  condition  £  =  12N  -1 
is  that,  since  (3/£)  =  +1,  we  can  regard  the  row-space  of  the  matrix  over 
GF(3)  as  an  extended  quadratic-residue  code. 

One  should  remark  that  the  6;  5-9-24  design  coming  from  the  (24,12)  ex¬ 
tended  quadratic-residue  code  over  GF(3)  is  suggestive  of  the  design  arising 
from  a  perfect  code;  a  code  is  perfect  if  and  only  if  the  minimal  weight  vec- 
tors  yield  a  (q-1)  ;  (e+l)-d-n  design,  where  d  =  2e  +  1;  here  we  have  X  =  6 
instead  of  16,  but  otherwise  the  parameters  are  the  same. 


* 


Proved  in  [6]. 
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PART  II 
SECTION  6 

DISJOINT  5 -DESIGNS 

Each  of  the  foregoing  5-designs  arises  from  a  finite  extended  quadratic - 
residue  code.  Since  such  codes  occur  in  pairs,  there  are  two  5-designs  of 
each  type;  we  ask  whether  they  are  disjoint.  The  answer  is  obviously  yes  for 
the  designs  arising  from  codes  over  GF(2),  because  the  codes  are  disjoint  ex¬ 
cept  for  the  all-1  vector.  The  codes  over  GF(3)  are  disjoint  but  the  problem 
is  that  there  are  now  two  possible  non-0  coefficients  instead  of  only  one; 
this  means  that  a  given  set  of  coordinate-places  might  hold  a  vector  from  each 
code.  We  shall  show,  however,  that  this  is  not  the  case  for  the  minimum-weight 
vectors  of  the  codes  in  question. 

PROPOSITION.  Let  £  and  (£-l)/2  be  primes,  and  let  the  minimum  distance  d 
in  the  finite  extended  quadratic-residue  code  of  length  f+1  be  less  than 
(C-l)/2.  Then  the  stability  subgroup  H  in  PSL2(£)  of  a  d-club  has  order  h 
dividing  d  and  £+1;  the  orbits  of  H  on  the  d-club  are  all  of  length  h. 

Proof.  In  PSLgCf)  the  subgroup  fixing  1  point  has  order  £(£-l)/2.  That 
fixing  2  points  has  order  (£-l)/2.  Since  the  latter  is  prime  and  any  element 
in  the  stability  subgroup  is  the  product  of  cycles  of  lengths  at  most  d,  such 
an  element  cannot  fix  any  points  unless  it  is  trivial.  Therefore,  H  has  only 
the  trivial  stauility  subgroup  on  any  point  of  the  d-club. 

We  shall  apply  this  Proposition  to  some  of  the  codes  yielding  5-designs, 
retaining  the  notations  H  and  h. 

1)  The  (24,12)  code  over  GF(3).  Here  d  is  known  to  be  9.  The  number  of 
9-clubs  in  the  6;  5-9-24  design  is  N  =  8*11*23  and  | PSLg ( 23 ) |  =  3N.  Therefore 
H  is  nontrivial.  Now  it  follows  that  h  =  3,  since  3  =  gcd  (9,24).  Therefore 
PSL2(23)  is  transitive  on  the  9-clubs  of  each  of  the  two  5-designs,  which  means 
that  the  5-designs  are  disjoint  or  equal.  That  the  5-designs  are  disjoint 
follows  from  the  fact  that  we  can  produce  two  9-clubs,  one  from  each  design, 
meeting  in  7  points,  which  is  impossible  for  two  9-clubs  from  the  same  design 
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(because  it  would  imply  the  existence  of  a  non-0  code  vector  of  weight  at 

most  7).  The  two  9-clubs  arise  from  the  code -polynomials  (x-l)g(x)  and  its 

22 

reverse,  (x-l)g*(x),  where  g(x)  g*(x)  =  x  +  ...  +  1  over  GF(3). 

2)  The  (12,6)  code  over  GF(3).  This  case  does  not  quite  fit  the  Pro¬ 
position,  because  d  =  6  is  larger  than  (£-l)/2  =  5.  However,  we  shall  deter¬ 
mine  h.  The  1;  5-6-12  design  has  N  =  11*12  6-clubs  and  | PSL^ ( 11 )  |  =  5* 11* 12. 
First  of  all,  |H  |>  5,  and  11  does  not  divide  |h|  because  every  element  has 
order  at  most  6.  Let  us  take  H  to  be  the  stability  group  of  the  6-club 
jl,  3,  4,  5,  9,  co^  which  arises  from  the  obvious  code-vector  having  1  at  each 
of  these  coordinate -places,  which  are  the  quadratic  residues  and  oo.  The  Galois 
group,  sending  i  to  3ni,  mod  11,  fixes  this  6-club,  and  therefore  5  divides 
j H | .  Now  if  2  divided  | H  |  ,  Sylow  theory  would  guarantee  at  least  6  subgroups 
of  order  5  (since  conjugation  of  (1  3  9  5  4)  by  (a  b) (c  d) (e  f)  would  move  the 
fixed  point  oo;  there  cannot  be  an  element  of  order  2  which  fixes  any  of  the  6 
points),  hence  at  least  24  elements  of  order  5.  Similarly  there  would  be  at 
least  5  elements  of  order  2,  hence  |H  j  >  30.  Analogously,  if  3  divided  |H| 
we  would  find  |h  |  >  30.  The  only  divisors  of  j PSLg (11) |  =  5*11*12  which  are 
possible  under  the  circumstances  would  be  60  and  30.  60  is  impossible  because 

the  Sylow  2-subgroup  would  have  to  be  the  Klein  4-group,  since  no  elements  of 
order  4  could  exist  in  H.  But  no  two  distinct  elements  of  the  form  (a  b)(c  d) 

m 

(e  f)  in  [j  g  have  another  such  as  their  product.  Therefore,  H  would  have  to 
be  30,  but  we  have  already  seen  that  such  a  group  would  have  no  room  for  ele¬ 
ments  of  order  3.  Therefore  |H  |  =  5  and  PSLgfll)  is  transitive  on  the  6-clubs 
of  the  1;  5-6-12  design.  Proposition  3.1  tells  us  now  that  the  two  designs  of 
this  type  are  disjoint  or  equal.  To  prove  disjointness  we  examine  the  generator 
polynomials  g(x)  and  the  reverse  g*(x),  of  degree  5.  The  weights  of  these  are 
at  most  6,  and  if  6  then  the  infinite  coordinate  would  have  to  be  0  (by  Theorem 
3.3),  contradicting  that  x-1  does  not  divide  either.  Therefore  each  has  weight 
5  and  gives  a  non-0  coordinate  at  co.  These  are  then  ~vvO  different  6 -clubs 
meeting  in  5  places,  hence  not  members  of  ‘•he.  same  1;  5-6-12  design  (Cf.  [14; 

P-  774]). 
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Thus  we  have  shown  that  each  of  the  5-designs  of  Section  4  for  the  mini¬ 
mum-weight  vectors  exist  in  disjoint  pairs.  This  means  in  particular  that 

* 

the  union  of  the  two  designs  :.s  a  5-design  with  X  doubled. 

A  related  question  is  that  of  the  action  PSLgCf)  on  the  d-clubs,  where  d 
is  the  minimum  weight  in  the  code.  We  have  already  shown  that  PSL0(f)  is 

Cd 

transitive  on  the  d-clubs  for  £  =  11  and  £  =  23  over  GF(3).  The  question 
naturally  arises  for  the  other  two  codes  producing  5 -designs. 

Consider  the  (24,  12)  code  over  GF(2).  Here  d  =  8  and  the  number  of 
minimum-weight  vectors  is  759  =  3*11*23  =  N.  The  order  of  PSL2(23)  is  8N. 

From  the  Proposition  we  know  that  H  is  nontrivial  and  has  order  dividing  8. 

But  |  H  |  >  8  by  an  orbit-count.  Therefore  |H|  =  8  and  PSL2(23)  is  transitive 
on  the  8-clubs  of  the  two  1;  5-8-24  Steiner  systems. 

The  (48,24)  code  over  GF{2)  is  harder  to  analyze.  All  we  can  tell  from 
what  we  have  so  far  is  that  the  order  h  of  the  stability-subgroup  of  a  12-club 
satisfies  h  >  3  and  h|l2;  PSL2(47)  is  transitive  on  the  12-clubs  if  and  only 
if  h  =  3,  since  there  are  N  =  16*23*47  12-clubs  and  j PSL>2 ( 47 )  |  =  3N. 


We  announced  this  result  for  two  5-designs,  those  associated  with  the  Mathieu 
groups  M12  and  in  [4j. 
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PART  III 

ON  THE  AUTOMORPHISM  GROUPS  OF  PALEY- HADAMARD  MATRICES* 

For  a  prime  of  the  form  £  *  4N-1,  the  Paley-Haci. ..-rd  matrix  of  order 
£  +  1  is  defined  as  the  (£+1)  x  (£+1)  matrix  of  4-1  's  and  -l's  with  the  first 
row  and  first  column  all  +l's;  the  second  row  is  defined  to  be  -1  at  0  and  at 
the  quadratic  nonresidues  modulo  £  and  +1  elsewhere.  The  columns  are  indexed 
as  (co;0,l,2, —  , £-1).  The  remaining  £  -  1  rows  are  defined  to  be  the  cyclic 
shifts  of  the  "finite  part"  of  the  second  row. 

The  automorphism  group  of  a  Hadamard  matrix  is  defined  as  the  group  of 
(£+1)  x  (£+1)  monomial  matrices  (with  entries  0,  +L)  modulo  j+lj,  I  being  the 
identity,  which  acts  on  the  right  on  the  Hadamard  matrix  in  such  a  way  that 
the  result  is  the  original  Hadamard  matrix  except  for  a  permutation  of  rows 
and  possible  change  of  sign  of  some  rows. 

A  monomial  matrix  is  of  course  the  product  of  a  diagonal  matrix  and  a 
permutation  matrix.  The  mapp'ng  which  sends  each  element  of  the  above  auto¬ 
morphism  group  to  the  associated  permutation  matrix  is  an  isomorphism,  as  one 
can  easily  verify.  Because  we  are  concerned  with  the  permutation  group  which 
is  the  image  of  this  isomorphism,  we  shall  speak  of  the  automorphism  group  of 
the  matrix  as  being,  or  being  contained  in,  this  or  that  permutation  group. 

It  is  known  ([4],[l])  that  when  £  =  11,  the  automorphism  group  is  the 
Mathieu  group  M^*  What  we  prove  here  is  the  following 

THEOREM.  When  £  is  a  prime  of  the  form  12N-1  with  6N-1  also  prime  and 
23  <  £  <  4,079,  then  the  automorphism  group  G  of  the  Pa ley -Hadamard  matrix  of 
order  £  -  1  is  the  projective  unimodular  group  PSLgCf). 

PSL^(£)  is  the  group  of  all  2x2  matrices  with  determinant  1,  modulo 

+-(q  ^),over  GF(£).  It  is  a  2-fold  transitive  permutation  group  on  the  pro¬ 
jective  line. 


4c 

Presented  at  the  Conference  on  Combinatorial  Mathematics  and  its  Applica¬ 
tions,  University  of  North  Carolina,  Chapel  Hill,  North  Carolina,  April  10- 
April  14,  1967. 

*  # 

In  fact  £  could  be  a  prime  power. 
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Proof  of  the  Theorem.  Hall  [4]  has  proved  that  the  automorphism  group 
of  a  Paley-Hadamard  matrix  contains  PSL9(£).  Consider  the  rows  of  the  matrix 
to  be  vectors  over  GF(3).  Their  linear  span  is  contained  in  a  so-called  ex¬ 
tended  (C+l  , (C+l)/2)  quadratic-residue  code  over  GF(3),  of  dimension  (£+l)/2, 
of  which  there  are  two,  here  called  A  and  B.  Let  A  be  the  row-space  of  the 
matrix.  Then  G  leaves  A  invariant.  The  group  PSLgfC)  acts  on  both  codes  to¬ 
gether,  and  any  element  of  PGLgfC)  not  in  PSLgfC)  maps  A  onto  B  and  B  onto  A. 
Also,  A  H  B  =  0.  ([3], [8])  This  motivates  our  choice  of  £  so  that  (3/C)  =  +1; 

otherwise  the  row-space  has  dimension  £. 

Case  1.  23  <  £  <  4,079.  The  subgroup  of  PSLgfO  whi^h  fixes  the  "infi¬ 

nite"  coordinate  of  the  code  (or  column  of  the  Paley-Hadamard  matrix)  is  the 

2 

group  sending  x  to  a  x  +b  for  a,beGF(£)  with  a  e  0.  It  is  transitive  on  the 

"finite"  coordinates  (columns).  Nikolai  and  Parker  [7]  show,  however,  that 

there  are  no  transitive  nonsolvable  groups  on  £  letters.  Let  G  be  the  sub- 

oo 

group  of  G  fixing  the  column  oc.  Then  G^  is  solvable,  and  by  elementary  argu¬ 
ments  one  sees  that  G  is  contained  the  "ax  +  b’’  group,  which  sends  x  to 

00  2 
ax  +  b  for  all  a,beGF(£)  with  a  ±  0.  But  G  contains  the  "a  x  +b"  group, 

CG 

and  if  G  were  equal  to  the  ax  +b  group,  then  G  would  not  leave  A  invariant 

00  2 
but  would  contain  elements  mapping  A  onto  B.  Therefore  G^  is  the  a  x  +b 

group  and  G  =  PSLg ( £ ) . 

Case  2.  C  =23.  Here  there  is  of  course  a  nonsolvable  group,  namely 
the  Mathieu  group  M^,  and  hence  there  is  the  possibility  that  could  be 
the  automorphism  group  of  the  Paley-Hadamard  matrix  of  order  24,  since  is 
contained  in  the  5-fold  transitive  group  as  the  stability  subgroup  of  a 
point.  Furthermore,  M ^  is  the  only  5-fold  transitive  group  on  24  letters 
[ 5 , p. 80] . 

Ito  [6]  proves  that  if  £  and  (£-l)/2  are  primes  with  £  >  11,  then  a  non¬ 
solvable,  transitive  permutation  group  on  £  letters  is  4-fold  transitive.  It 
follows  from  this  result  thac  if  G  for  £  =  23  is  larger  than  PSL2(23),  then 
it  is  5-fold  transitive  and  therefore  is  M^.  now  s^etc^  a  Pro°f  that 
is  not  the  automorphism  group. 


The  relation  is  equality  but  we  only  need  the  inclusion. 
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M^  is  best  regarded  as  the  automorphism  group  of  a  certain  tactical  con¬ 
figuration,  namely,  a  Steiner  system  of  type  5-8-24.  This  configuration  is  a 
collection  D  of  8-subsets  of  a  set  of  24  points  such  that  every  5-subset  of 
the  24-set  is  contained  in  exactly  one  element  of  D.  Witt  [ 9]  proved  that 
such  a  configuration  is  unique  (up  to  action  by  the  symmetric  group  ^  on 
the  24  points)  and  that  the  subgroup  of  ^  which  permutes  the  elements  of 
D  among  themselves  is  a  5-fold  transitive  group  of  order  48* 24* 23* 22* 21* 20. 
This  group  is,  by  definition,  the  automorphism  group  of  the  5-8-24  Steiner 
system;  and,  since  Witt,  this  is  the  most  commonly  used  definition  of  M^. 


For  our  proof  we  need  some  simple  properties  of  Mg^.  From  the  5-fold 
transitivity  it  follows  that  the  subgroup  Gq  of  which  fixes  each  of  5 
points  has  order  48.  We  need  to  know  the  action  of  Gq  on  the  remaining  19 
points. 


LEMMA.  Gq  has  two  orbits--one  of  length  3  and  one  of  length  16--on  the 
remaining  19  points. 

Proof.  The  5  fixed  points  of  Gq  are  contained  in  a  unique  8-set  belong¬ 
ing  to  D.  Therefore  Gq  acts  on  the  remaining  3  points  X  of  the  8-set  and  on 
che  other  16  points  Y.  To  see  that  these  actions  are  transitive  one  can  refer 
to  [9],  where  an  explicit  description  of  Gq  as  3  X  3  matrices  over  GF(4)  act¬ 
ing  on  the  projective  space  of  21  points  over  GF(4)  is  given. 


It  is  also  possible  to  prove  transitivity  ^rom  the  definition  and  proper¬ 
ties  of  M^  listed  above.  One  proves  that  only  the  identity  element  of  Mg^ 
can  fix  7  points  not  contained  in  an  8-set  belonging  to  D.  (One  sees  this  by 
picking  pairs  of  5-subsets  of  the  7  points  which  meet  in  3  points.  These  give 
rise  to  pairs  of  3-subsets  outside  the  7  meeting  in  1  point,  which  must  be 
also  fixed.  Continuing,  one  gets  all  points  fixed.)  Then  consider  the  sta¬ 
bility  subgroup  G^  in  Gq  of  a  point  from  the  16 -set  Y.  G^  must  have  order  at 
least  3,  but  no  nontrivial  element  o  of  G^  can  fix  any  more  points.  This 

means,  in  particular,  that  a  is  a  3 -cycle  on  the  3  points  of  X,  and  thus  G  is 

3  0 

transitive  on  X.  Moreover,  o  is  the  identity  on  9  points  and  therefore 

3 

o=l.  Since  now  every  nontrivial  element  of  G^  has  order  3,  G-^  must  have 

order  ?  since  G  =  3* 16.  Therefore  G  is  transitive  on  Y  also, 
o  o 


III-3 


S-7167-1 


We  use  this  Lemma  in  the  situation  arising  from  the  code  generated  by 
the  rows  of  the  Paley-Hadamand  matrix  over  GF(3).  This  code  is  the  whole  ex¬ 
tended  quadratic-residue  code  A  of  type  (24,12)  over  GF(3),  because  the  latter 
is  the  sum  of  a(l  1  1---1;1),  a  =  0,  +1,  and  the  irreducible  (24,11)  extended 
quadratic-residue  code.  We  have  proved  [2]  that  A  has  the  following  proper¬ 
ties. 

PROPOSITION.  The  minimum  distance  in  A  is  9;  the  9- subsets  of  coordinate- 
places  of  A  holding  minimum-weight  code -vectors  form  a  tactical  configuration 
of  type  6;  5-9-24,  (Thus  every  5-subset  is  in  precisely  6  of  the  given  9-sub¬ 
sets.  ) 

We  use  our  Lemma  to  show  that  cannot  act  or.  this  design,  as  it  would 
certainly  do  if  it  were  the  automorphism  group  of  the  matrix.  Consider  a 
given  5-subset  of  the  24-set.  There  are  the  two  subsets  X  and  Y,  of  cardi¬ 
nalities  3  and  16,  respectively,  on  which  Gq  of  the  Lemma  is  transitive.  The 
6  different  9-subsets  containing  the  given  5-subset  of  the  new  design  have 
6(9-5)  =  24  points  distributed  with  multiplicities  among  the  remaining  19 
points.  Arrange  them  in  a  6  X  19  incidence  matrix.  If  acts,  then  Gq 
acting  on  the  columns  must  permute  the  6  rows.  By  the  Lemma,  there  are  the 
same  number  of  these  incidences,  say  x,  in  each  of  the  three  columns  deter¬ 
mined  by  X,  and  there  are  y  in  each  column  determined  by  Y.  Ihis  means 
3x  +16y  =  24.  but  since  x  <  6  this  is  not  solvable  in  integers.  Therefore 
does  not  'ct  on  the  6;  5-9-24  design.  Hence  the  automorphism  group  of 
the  code  is  PSL^(23),  and  the  same  for  the  Paley-Hadamard  matrix- 

As  we  showed  in  [1],  the  row  space  generated  over  GF(3)  by  the  rows  of 
the  Paley-Hadamard  matrix  of  order  12  yields  the  5-6-12  Steiner  system 
(a  "5-design'')  of  which  M.,  0  is  the  automorphism  group.  Thus,  for  order  24  the 
S-des^gn  remains  but  the  group  is  no  longer  large.  We  do  not  yet  know  whether 
the  order  48  Paley-Hadamard  matrix  yields  a  5-design,  but  there  is  a  possi¬ 
bility  that  it  will. 

Acknowledge  n t .  Our  interest  and  what  knowledge  we  have  of  these  mat¬ 
ters  owes  much  to  continued  conversations  with  A.  M.  Gleason  and  Richard  Turyn. 
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Added  After  the  Conference.  On  the  above  result  for  £  =23,  M.  Hall  has  in¬ 
formed  us  that  Gordon  Keller  has  shown  that  M^  cannot  act  on  any  Hadamard 
matrix  of  order  24. 

In  [ 10]  is  indicated,  in  effect,  that  the  subgroup  of  G  (for  £  =  23) 

CO 

which  acts  without  any  signs,  thus  fixing  row  oo  as  well  as  column  oo,  is  the 
2 

"a  x  +  b"  group;  but  it  is  not  clear  how  to  proceed  from  this  subgroup  to  G  . 
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PART  IV 

SOME  REMARKS  ON  AUTOMORPHISM  GROUPS  OF  HADAMARD  MATRICES 

In  this  section  we  shall  prove  some  assorted  facts  about  the  automorphism 
groups  of  Hadamard  matrices.  An  Hadamard  matrix  H  has  entries  +1  and  satis¬ 
fies  HH'  =  nl  n  =  order  of  H,  H'  =  transpose  of  H.  (n=l,2  or  4t)  .  A  general¬ 
ized  Hadamard  matrix  has  entries  m-th  roots  of  I,  m  >  2,  and  satisfies 

^  ^  —  ■— »  I 

HH  =  nl,  H  =  H1  =  complex  conjugate  of  H  . 

Two  Hadamard  matrices  are  equivalent  if  H^  =  M^HMg,  M^  monomial  matrices, 

i.e.,  M^  =  P.D^,  with  P^  permutation  matrices  and  diagonal  matrices  (with 

+1  or  m-th  roots  on  the  diagonal) .  The  group  of  automorphisms  of  H  is  the 

* 

set  of  pairs  of  monomial  matrices  M^,  Mg  such  that  M^HMg  =  H,  modulo  the  cen¬ 
ter,  the  set  of  all  (cl, cl).  M^  determines  Mg  uniquely  and  vice  versa,  and 

P.  determines  D.,  modulo  the  center, 
x  1 

In  [1],  Hall  remarks  that  there  is  only  one  Hadamard  matrix  of  order  12 
up  to  equivalence  (this  is  also  easily  checked  for  n  =  1,  2,  4,  8;  for  n  =  16 
there  are  five  such  matrices) .  We  shall  first  prove  this  fact,  in  such  a  way 
that  it  will  be  obvious  that  the  group  of  this  matrix  is  exactly  5-fold  tran¬ 
sitive  as  a  permutation  group  on  the  rows.  We  shall  denote  by  Hg  the  matrix 

+1  +1 

.+1  -1. 

Let  H  be  any  Hadamard  matrix  of  order  12,  and  pick  out  any  5  rows  in 
definite  order.  We  shall  reduce  the  matrix  to  a  canonical  form,  and  these 
five  rows  into  the  first  five  rows  of  our  matrix. 

It  is  clear  that,  if  n  >  2,  any  first  three  rows  of  an  Hadamard  matrix 
can  be  reduced  to  the  form 

+  +  +  + 

+  +  -  - 

+  -  +  - 
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by  a  suitable  multiplication  of  the  columns  by  +1  and  permutation  of  the  col¬ 
umns,  (where  +  indicates  a  row  of  ^  plus  ones).  These  three  rows  are  like 

the  first  three  rows  of  H (h!^  =  Kronecker  product  of  H0  with  itself  p. 

,  with  the  interpretation  of  +  as  a  row  of  +l's  of  appropriate  size. 

We  now  note: 

LEMMA.  If  the  first  2m  rows  of  H  coincide  with  ,  them  H  is  equiva¬ 
lent  to  or  2tn+^'  divides  n  =  order  of  H. 

Assume  n  >  2m,  let  t  =  n2  m,  and  let  (  S^, . . .  jSgin)  =  S  be  the  vector  of 

/  t  2t 

sums  of  any  row  past  the  first  2m.  15.=  Yj  x. ,  S.  =  £x.,  etc..,  where 

VI.1  &  t+1  1 

(x^,...,x  )  is  a  row  of  the  Hadamard  matrix).  Then  the  condition  that  this 
row  be  orthogonal  to  the  first  2m  rows  implies 

S  Hi®*  =  0 

Li 

and  since  Hg  is  nonsingular  S  =  0,  thus  =  0  and,  therefore,  t  is  even. 

Returning  to  the  matrix  of  order  12,  the  Lemma  implies  that  we  cannot 
have  four  rows  which  reduce  to 


+  +  +  + 

*f  + 

+  -  +  — 

+  ”  —  + 


(where  we  have  interchanged  rows  2  and  3)  . 

Consider  any  further  row,  and  as  before  let  S^,  ,.  be  the  sums  of 
three  consecutive  entries.  Orthogonality  to  the  first  three  rows  implies 

+  Sg  +  Sg  +  =  0 

S1  +  S2  ”  S3  ’  S4  =  0 
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or  SL  =  -Sp  =  -Sg  =  S^.  We  have  just  noted  that  =  +3  is  impossible;  thus 
=  +1  for  all  further  rows. 

Any  further  row  looks  like 

—  +  +  + - + - —  +  + 

(after  suitable  change  of  sign  and  permutation  of  columns  within  the  four 
blocks  of  three  each.)  Thus,  within  each  block  of  3  columns,  two  rows  have 
dot  product  +3  or  -1;  therefore  any  pair  coincides  in  exactly  one  block  of  3. 
We  now  reduce  our  matrix  of  order  12  by  permuting  the  three  blocks  of  four 
columns  so  that  the  fourth  and  fifth  rows  coincide  in  the  first  block  of  3 
columns.  This  may  involve  changing  the  signs  of  the  second  and  third  rows. 
New  permute  the  columns  of  the  second,  third,  and  fourth  block  so  that  the 
first  five  rows  take  the  form 

+  +  +  +  +  +  +  +  +  +  +  + 

+  +  +  +  +  +  —  —  —  —  —  — 

+  +  +  —  +  +  +  —  —  — 

-+  +  4- - + - -+  + 

—  +  +  —  +  —  “  +  ~  +  —  + 

The  only  column  permutation  that  may  be  performed  now  is  the  interchange 
of  the  second  and  third  columns. 

Each  row  past  the  third  can  be  identified  by  a  quadruple  (i,j,k, f)  where 
1  <  i,  j,  k,  SL  <  3  and  each  denote  the  position  within  the  block  of  three  of 
the  ''unusual"  element  (-1  if  the  sum  of  three  is  +1,  +1  otherwise).  We  have 
reduced  the  first  three  rows  to  the  form 

(1,1, 1,1) 

(1,2, 2, 2) 
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The  orthogonality  condition  states  that  any  two  quadruples  conincide  in 
exactly  one  position.  It  can  be  immediately  verified  that  there  are  at  most 
9  such  quadruples,  and,  given  the  first  two,  the  9x4  array  can  be  constructed 
in  exactly  two  ways;  we  use  the  interchange  of  the  first  two  columns  to  nor¬ 
malize  it  to  a  unique  array  ((1,3, 3, 3)  must  be  a  fourth  row,  and  (-,2,3,1) 
must  occur:  we  require,  e.g.,  that  (2,2,3,!)  occur  rather  than  (3,2,3,!)). 


We  remark  that  the  9x4  array  is  the  array  constructed  from  a  projective 
plane  of  order  3  in  a  standard  fashion:  a  projective  plane  of  order  3  is 
equivalent  to  a  pair  of  orthogonal  3x3  I.atin  squares,  and  such  a  pair  is 
equivalent  to  the  9x4  array.  The  array  is  constructed  as  the  set  of  all 
1  <  i,  j  <3,  with  jx 

We  have  now  shown  that  any  Hadamard  matrix  of  order  12  can  be  reduced  to 
a  unique  form,  and  further  that  the  automorphism  group  is  exactly  5-fold  tran¬ 
sitive.  It  is  known  that  such  a  group  is  unique,  the  Mathieu  group  (see 

[ID- 


ij 


the  two  Latin  squares. 


Since  we  have  such  a  simple  construction  of  the  group  M^g,  it  is  tempting 
to  look  for  an  Hadamard  matrix  of  order  24  on  which  Mg4  acts.  It  follows 
from  the  results  of  Assmus  and  Mattson  that  the  Paley-Hadamard  matrix  con¬ 
structed  from  the  quadratic  residues  mod  23  admits  only  the  obvious  group  of 
automorphisms,  PSL(2,23),  (of  order  much  smaller  than  the  order  of 


M, 


24 


241 

19! 


48 


)• 


THEOREM.  There  is  no  generalized  Hadamard  matrix  K  with  entries  24-th 
roots  of  1  on  whose  rows  Mg^  acts  faithfully. 


Proof.  contains  a  23  cycle.  If  a  matrix  H  existed  on  whose  rows 

Mg^  acted  faithfully,  we  could  take  a  matrix  equivalent  to  H  such  that  the 
given  element  of  order  23  acted  without  signs,  i.e.,  left  the  first  row  and 
column  fixed,  and  the  elements  of  the  first  row  and  column  could  be  reduced 
to  +1' s. 


The  columns  can  be  arranged  so  chat  the  action  of  the  cycle  is  (1,2,..., 23) 
on  both  the  rows  and  the  columns.  Then  if  x^, ...Xgg  denote  the  elements  of 
the  second  row,  exclusive  of  the  +1  in  the  first  column,  the  orthogonality 
relations  state  that 
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23 

1  +  J>ixi+j =  0 


for  j  *  0 


and,  of  course,  £xixi  =  23.  These  equations  are  clearly  equivalent  to 


(£*/)( W1)  - 24 


e23  =  i,  c  *  i 


°r  |  z  xi5 1 1 =  2 


We  must  also  have  1  +  ^x.  =  0  to  have  the  first  row  of  the  matrix  orthogonal 
to  all  the  others. 

Modulo  23,  2  generates  the  quadratic  residues,  whereas  3  is  primitive 

(2^  =  32,  and  thus  2  =  2^  =  3^3).  Therefore,  the  number  3  remains  prime  in 
Q(£),  and  2  factors  into  two  prime  ideals  in  Q(£) .  Now  the  automorphism 

p 

a(x)  =  x,  a(£)  =5  ,  x  in  the  field  of  24-th  roots  of  1,  will  leave  invariant 
the  prime  ideals  dividing  2  and  3  in  the  field  of  (23’24)-th  roots  of  1.  Thus 

Vx^  =  wfjx^21)  with  w  a  root  of  1,  since  w  is  an  integer  and 

jjx.?1  I  =  I  Zxi^2L|  =  2  so  |w  |  =  1.  Let  w  =  with  a  24-th  root 

of  1.  Let  A  =  Zx  f.  Then 


cr(A)  =  w  A 

ct^(A)  =  o(w)w  A  =  w^2a+a  A 

11/ Ax  11..  2047a  .  11  . 

a  (A)  =  w1  ?  A  =  w^  A 


■* 

But  since  a  is  the  identity,  w,  =1,  and  thus  w_L  =  1. 
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<t( A)  =  ?2  A 

/w *-2a+a  .  u ■*&  a 
a(?  A)  =  £  As?  A 

Thus  a  is  invariant:  under  a,  and  if  we  replace  each  row  by  a 

translate,  (take  a  new  form  of  our  matrix)  we  can  assume  Zx.jS  is  invariant 
under  a. 

Thus 


E*!?1  =  Exi?2i 

or 

2(^-  xj)?J  =0 

We  have  a  relation  with  first  coefficient  zero,  and  since  £  is  of  degree 
23  over  the  field  of  24-th  roots  of  1,  Xg^  =  x^  for  all  j.  Therefore 

A  =  =  xq  +  +  x_I77,  Tj  =  >  r  1  ning  over  the  residues. 

t)  +  "77  =  -1,  7777-6.  j(xi"  xo)  ^  +  (x-l~  xo) 77 1  =  2V®‘  The  condition  1  +  Z  Ki=  0 
implies  1  +  xQ  +  ll/x^+  x_1j  =  0,  and  thus  Xq  =  -1,  x^  =  -x_1 

Thus 

24  ■  6{(v1)(v1)  +  (xi+1)(xi+l)} 

+  (v1)  (-V1)"2  4  (v1)  M? 

- 24  -  (vxib2  +  (xrxi)’'2 

* 24  +  {*v*i)(2-  ~2) 
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Since  i]  -77  ±  0,  we  roust  have  =  x^  which  implies  x^  =  +1,  and  the 

matrix  reduces  to  the  Pa Ley-Had3mard  matrix,  which,  however,  does  not  admit 
Mg^  as  a  group  of  permutations  of  the  rows.  We  have  shown  that  any  general¬ 
ized  Hadamard  matrix  with  24-th  roots  of  1  as  entries  which  has  a  group  of 
automorphisms  of  order  23  is  equivalent  to  the  Paley-Hadamard  matrix. 

There  is  another  obvious  Hadamard  matrix  of  order  24,  Hg  x  H1 g  (Kronecker 
product,  the  Hadamard  matrix  of  order  12) .  We  know  that  Hg  x  H^g  cannot 
admit  Mg^  as  a  group  pf  automorphisms.  However,  it  does  have  a  relatively 
large  group,  and,  by  the  Assmus-Mattson  result,  we  can  conclude  that  it  is 
not  equivalent  to  the  Paley-Hadamard  matrix. 

THEOREM.  Let  be  the  automorphism  group  of  A^,  A^  an  Hadamard  matrix, 
i  =  1,  2.  Then  x  Gg  is  included  in  the  group  of  A^  x  A^. 

Let  NjAjMj,  =  A t,  i  =  1,  2.  Then  (N1  x  »2 )  (Aj_  x  A2 )  JMX  X  Mg)  =  (NjAjMJ 

X  (^2^2^2)  =  x  so  G^  x  Gg  is  a  subgroup  of  the  automorphism  group  of 

A^  x  Ag  in  a  natural  way.  Since  Hg  has  an  automorphism  group  of  order  4, 

12 1 

the  automorphism  group  of  Hg  x  H^g  is  of  order  >  4  * 

It  is  natural  to  ask  whether  G^  x  Gg  is  actually  the  whole  group  of 
automorphisms  of  A^  x  Ag.  A  counterexample  is  furnished  by  the  matrix  Hg  x  Hg.* 

the  automorphism  group  of  Hg^  is  of  order  2^n ( 2n- 1 )  (2n-2  )*...• ( 2n-2n_  ^ ) , 
since  with  the  first  row  fixed,  the  group  is  the  group  x  —  Ax+y,  A  a  nonsingu¬ 
lar  transformation  of  the  n-dimensional  vector  space  over  GF(2). 

On  the  other  hand,  the  group  of  a  Kronecker  product  cannot  be  too  large: 

THEOREM.  If  A  and  B  are  Hadamaid  macrices,  the  group  of  A  x  B  cannot  be 

( 2) 

4-fold  transitive  on  the  rows  unless  AxB  =  Hg  ' 

Take  the  matrices  A  and  B  so  that  the  first  two  rows  of  each  are 

+  + 

+ 
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Then  AxB  has  four  rows  which  look  like  Hj  '  ;  an  automorphism  which  fixes 
the  first  three  of  these  clearly  fixes  the  fourth. 

In  [1J  Hall  proved  that  the  group  PSL(2,q)  Is  a  subgroup  of  the  group  of 
automorphisms  of  the  Paley-IIadamard  matrix  of  order  q+l  obtained  from  the  qua¬ 
dratic  residues  of  GF(q) ,  q  a  -1  (mod  4) .  If  q  =  1  (nod  4) ,  there  is  also  an 
Hadaraard  matrix  of  order  2(q+l)  obtained  from  the  quadratic  residues  of  GF(q)  . 
If  S  is  the  matrix  of  order  q-fl  obtained  from  [x(  V  a3  i)  a^eGF( q) ,  x  the 
quadratic  character,  with  a  row  and  column  co  added,  -j-l's  in  row  and  column  cc 
except  0  at  (cc,a),  then 


fi  =  iL  x  I  +  TIL  x  S  T  = 


f  0  1 
1-1  0^ 


THEOREM.  The  automorphism  group  of  H  includes  x  PGL„( q) ,  (the 
group  of  2  x  2  matrices  of  determinant  #0,  modulo  the  diagonal  matrices)  . 

As  in  [1],  the  transformations 


x  —  t2x 


x  —  x+a 


simultaneously  on  rows  and  columns  leave  S  invariant,  and  also  I  since  the 
transformation  is  the  same  on  rows  and  columns.  The  transformation 


x  -  £ 

on  both  rows  and  columns  also  leaves  S  invariant  (x  —  —  and  change  sign  of 

)\  x 

since 


x(x)  x(y)x(~  ~  y)  =  x(y-x)  =  xU-y) 


as  x("l)  =  1*  Since  we  apply  the  same  transformation  to  both  rows  and  colums, 


IV-8 


S-7167-1 


this  also  leaves  I  invariant-  Finally,  the  transformation  of  interchanging 
rows  and  columns,  and  changing  the  sign  of  column  1  and  row  2  leaves  H  and 
TH  invariant. 

The  permutation  x  —  tx,  with  t  *  0  not  a  square  in  GF{q),  applied  to  both 
rows  and  columns,  will  leave  I  invariant  and  will  change  the  sign  of  all  ele¬ 
ments  of  S  except  those  in  row  and  column  oc.  If  new  we  multiply  row  and  col¬ 
umn  oc  by  -1,  we  leave  I  invariant  and  change  S  into  -S.  There  is  an  auto¬ 
morphism  of  Hg  which  takes  TKg  into  -IHg-  This  operation  together  with  the 

x  I  and  THg  x  S,  and  is 

thus  an  automorphism  of  H.  Since  the  transformations  x  —  tx,  x  —  x+a,  x  — 
generate  the  group  PGLgfq) ,  the  theorem  is  proved. 


one  on  S  described  above,  leaves  invariant  both  Hg 
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PART  V 

A  PROOF  OF  THE  MACWILLIAMS  IDENTITIES 

This  chapter  contains  a  proof  by  A.  M.  Gleason  of  the  relation  between 
the  weight-distributions  of  a  code  and  its  orthogonal  code,  first  found  by 
MacWilliams  in  [1],  and  an  extension  of  the  result. 

Let  V  be  the  vector  space  of  dimension  n  over  a  field  F,  which  for  the 
moment  w  take  as  GF(p) .  Let  £  be  a  primitive  p-th  root  of  1.  We  take  f  to 
be.  the  function  on  V  with  f(v)  =  X^V' yn-w^v)  where  w  is  the  weight  function. 
Then  we  want  to  calculate 
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The  general  Poisson  summation  formula  is  then 


D  f(v) 

v€A 


y 

-U 

ueB 


f(u) 


where  A  is  any  subspace  of  V  and  B  is  its  annihilator  subspace.  This  becomes 


1 V I 
I A  | 


y 
_ : 

v€A 


XW(V) 


Yn-w(v) 


J  A.  Xj  Yn_j 

j=0  J 


=  L  (Y-X)W'u)(Y  +  (q-l)X)n'W^u) 
uCB 

=  £  Bi(Y-X)1  (Y+(q-l)X)n_i 

i=o 


where  A^  and  B^  are  the  weight-distributions  of  A  and  B,  respectively. 

This  simplified  calculation  suggests  the  following  more  ambitious  calcu¬ 
lation.  Let  us  get  the  joint  distrinution  of  all  the  different  coefficients 

a0  oti  Qfp_l 

of  the  vectors.  Let  f(v)  =  X  Xn  . ..  X  where  v  has 

o  1  p-1 

O'o0,s,  1 1  s ,  2's,  ...,  .  Then 


A 

f  (u) 


l 


X 


a  (v. )+...+  a  Iv  \  a  , /v. }+ — +  a  ,  Iv  \  u,v.+ — +u  v 
o\  H  o'  n  I  „  p-1'  I'  p-1'  n  I,.  11  n  n 


.  X 


Vl--*'Vn 


p-1 


n 


F,IECr*lO|,‘l 

1=1  \v. 


X 


a  . (v. )  w.v.y 
p-1'  i'.  i  i 


p-1 
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Here  the  inner  sum  is 


u.  2u.  (p-l)u. 

Xo  +  X1  5  +  X2  h  +  ***  +  Xp-l  *  =  Y(ui) 


so 


f(u)  =  Y(0) 


a  (u)  cl.  (u)  or  (u) 

°  Y(l)n  Y(p-1)  P'1 


Now  if,  for  example,  we  take  F  =  GF(3),  and  let  A.  .  ,  be  the  number  of 
vectors  in  A  with  i  0's,  j  l*s,  k  2's,  then 


HI 

|A 


1-  £a.  .  ,  X1-  Yj  Zk  =  £b.  .  ,  (X+Y+Z) 1  (X+wY-k/z)3  (X-k/y+uZ) 
I  i,J,K  i,J>K 


This  formula  becomes  the  MacWilliams  formula  all  over  again  if  we  put  Y  =  Z 
(which  amounts  to  not  distinguishing  1's  from  2*s;  more  generally, 

xi  =  x2  =  ...  =  xpl). 

g 

To  treat  the  general  case,  when  F  =  GF(q)  for  q  =  p  ,  just  replace 
<u,v>  by  T(u*v),  where  T  is  the  trace  from  GF(pS)  to  GF(p)  and  u*v  is  the 
usual  dot  product. 
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PART  VI 

A  SIMPLE  CONSTRUCTION  OF  THE  BINARY  GOLAY  CODE 

In  this  part  we  give  a  simple  construction  of  the  Golay  binary  (24,12) 
code  (see  [1],  [2])  starting  from  the  Hamming  code  of  length  8,  without  using 
the  quadratic  residues  mod  23.  Thus,  we  give  a  straightforward  construction 
of  the  combinatorial  configurations  on  23  and  24  objects  from  the  one  on  7, 
the  projective  plane  of  order  2. 

The  binary  Hamming  code  H  can  be  constructed  from  the  rows  of  the  inci¬ 
dence  matrix  of  the  projective  plane  of  order  2,  with  a  coordinate  at  co  defi¬ 
ned  by  an  overall  parity  check,  and  the  vector  1  (all  coordinates  =  1).  Thus 
H  is  the  set  of  all  vectors  gotten  from  the  cyclic  shifts  of  the  vector 
(1,1, 0,1, 0,0,0)  with  a  coordinate  at  oo  with  value  1,  the  complements  of  these, 
and  the  0  and  1  vectors.  H  is  a  group;  it  is  equivalent  to  the  code  consis¬ 
ting  of  all  vectors  (z,z)  and  (z,z+l),  with  z  of  length  4  and  even  weight. 

Let  H'  be  the  code  obtained  from  H  by  reversing  the  order  of  the  finite 
coordinates;  H‘  is  equivalent  to  H  and  H  O  H1  =  jo, 1^ . 

We  now  form  the  code  of  length  24  of  all  vectors  of  the  form 


(a+x,  b+x,  a+b+x) 


a,beH,  xeH’. 


This  code  is  12 -dimensional,  since  there  is  no  nontrivial  representation  of 
the  0  vector.  Since  H  fl  H'  =  jo,l|  and  H,H'  consist  of  vectors  of  weight 
0,4,8,  H+H'  is  the  set  of  even  weight  vectors.  If  any  of  a,b,  a+b,  x  are  0 
or  1,  it  is  clear  that  the  above  vector  has  weight  >8.  We  claim  that  the 
minimum  weight  of  the  code  is  in  fact  8.  Denote  the  weight  of  w  by  |w| ,  and 
let  multiplication  of  vectors  be  the  usual  (x^=  x  for  all  x).  Then 
| u+v|  +  2 | uv|  =  j  u|  +  J  vj 

|a+x|  +  |b+x|  +  |  a+b+x| 

=  ja+bj  +  2 1 (a+x) (b+x) j  +  |  a+b+x  | 

=  j x  |  +  2  | (  ( a+b) ( 1+x) |  + 1 (a+x) (b+x) 1 1 
=  | x  J  +  2  |  a+b  +  ab  +  x  | . 
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If  a,b,  a+b,  x  are  all  of  weight  i,  |ab|  =  2  and  |  a+b+ab |  =  6,  so  that 
| a+b+ab+x  |  >  2,  and  the  above  vector  has  weight  >  8. 

The  (23,11)  code  obtained  by  deleting  one  coordinate  has  minimum  weight 
7,  and  thus  the  spheres  of  radius  3  about  the  code  vectors  are  disjoint.  The 
well-known  equation 


+  (223)+(2s))  = 


=  2 12+11  =  223 


shows  that  these  spheres  ^over  the  set  of  vectors  of  length  23,  i.e.,  the 

(23.11)  code  is  close-packed.  It  therefore  follows  that  given  a  vector  v  of 
length  24,  weight  5,  there  is  a  unique  vector  of  weight  8  in  the  (24,12)  code 
at  distance  3  from  v.  It  is  known  that  this  5-design,  and  therefore  the 

(24.12)  code,  are  unique  [3]. 

We  remark  that  our  above  definition  is  equivalent  to  taking  all  vectors 
(y,  y+a^,  y+a2j  y  °f  even  weight  (length  8),  a^eH,  and  y+a^+  a^H1  . 

REFERENCES 

1.  M.J.E.  Golay,  "Notes  on  Digital  Coding,"  Proc.  IRE,  vol.  37,  p.657,  1949. 

2.  L.J.  Paige,  "A  Note  on  the  Mathieu  Groups,"  Can.  J.  Math.,  vol.  9,  pp. 
15-18,  1957. 

3.  E.  Witt,  "Die  5-fach  transitiven  Gruppen  von  Mathieu,"  Abh,  Math.  Sem. 
Univ.  Hamburg,  vol.  12,  pp.  256-264,  1938;  also  "Ueber  Steinersche 
Systeme,"  ibid.,  pp.  265-275. 


VI-  2 


S-7167-1 


PART  VII 

THE  (36,15,6)  DESIGNS 

In  [2]  certain  difference  sets  were  defined  in  the  two  Abelian  groups  of 
order  36  which  do  not  have  elements  of  order  9;  a  very  similar  set  was  defined 
in  the  group  Sg  x  Sg  in  [lj.  It  was  shovm  in  [2]  that  all  the  Abelian  dif¬ 
ference  sets  are  equivalent  to  one  of  six  difference  sets.  This  statement  is 
incorrect:  there  is  a  seventh  set.  The  designs  defined  by  these  difference 
sets  are  studied  here. 

The  difference  sets  in  question  are  defined  as  follows:  let  Ag  be  the 
Abelian  group  of  type  (3,3),  thought  o l  as  the  affine  plane  over  GF(3).  Take 
four  lines  of  different  slopes  in  Ag,  and  associate  one  line  with  each  element 
of  a  group  of  order  4  (Z4  or  =  Zg  x  Zg|.  The  difference  set  is  the  set  of 
all  (0,x),  0  the  identity  in  the  group  of  order  4,  xtf'L  ,  and  all  (i,x), 
xeL^.  The  have  at  least  a  triple  intersection,  and  by  translation  this 
may  be  assumed  to  be  the  origin  of  Ag.  The  automorphism  group  of  Ag  may  then 
be  used  to  normalize  the  set  further.  The  argument  in  [2]  (Theorem  10)  is 
essentially  correct,  but  the  conclusion  drawn  is  too  strong.  In  x  Ag  the 

argument  shows  that  there  are  three  inequivalent  difference  sets,  Q^,  Q£,  Q£, 
which  correspond  to  the  cases  concurrent  (at  the  origin  of  Ag,  by  normali¬ 
zation),  0^Lq  and  0/Lg,  respectively.  In  the  case  of  Z^  x  Ag  we  have  the  sets 
Qx,  Qg,  Qg  which  correspond  to  OeL^  all  i,  0^Lq,  (VLg,  respectively,  but  [2] 
neglects  the  case  Q^:  O^Lg  not  equivalent  to  Qg,  as  is  the  case  in 

K4  x  A3'  ^ere  is  an  automorphism  o  such  that  a{  1)  =2  in  Kj,  but  of  course 
not  in  Z^.  It  is  also  clear  that  the  multiplier  group  of  consists  of  ex¬ 
actly  two  elements,  the  identity  and  the  automorphism  x  —  -x  in  Z^,  aLg  =  Lg, 
o-L  =  L  ,  oL.  =  L„  in  A  „. 

O  O  i-  o  0 

We  shall  now  study  the  (v,k,X)  =  (36,15,6)  designs  defined  by  these  dif¬ 
ference  sets.  We  shall  first  show  that  the  automorphisms  of  the  designs, 
i.a.,  the  permutations  r  of  the  group  elements  which  also  permute  the  sets  of 
the  form  D  +  a,  are  just  the  obvious  automorphisms:  each  t  is  of  the  form 
/3r  =  /3r  +  y,  where  o,y  are  uniquely  determined  by  r,  a  an  automorphism  of  the 
group,  y  an  element  of  the  group. 
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We  shall  use  i,  j,  m,  n  to  denote  elements  of  the  group  of  order  4,  x,  y, 
2  elements  of  Ag,  a,  $  elements  of  the  group  of  order  36,  r  an  automorphism 
of  the  design  defined  by  the  difference  set  D  (one  of  the  or  QjJ ,  and  S 
the  complement  of  L  in  A_.  Let  L*  =  line  through  0  parallel  to  L.. 

LEMMA  1.  If  Dr  =  D  then 
1.  (0,Lo)r  =  (0,Lo) 

2*  (0,Lq+x)t  =  (0,LQ-fy) 

3.  ( EHx)  t  =  D  +  y 

4.  (i.LjT  =  (j.L.j 

5.  (i,Li+x  |r  =  (j.*Lj+y  j 

C.  (0,x)  r  =  0, y 

Proof.  DA(D+(i,x))  is  the  set  (0,SoA  L_^+x] ,  (i,L^ASo+xJ,  and 
( j,L^  AL^+x)  j  #  0,  i,when  i  *  0;  Dl1(l>f(0,x))  =  (0,SQn  So+x)y(j,Lj A  L^+x) 

for  j  *  0.  Two  of  the  sets  (j,  L^AL.+x)  must  be  empty  for  x  *  0  (only  the 
one  with  xeL*  is  not  empty) . 

It  is  easy  to  see  from  this  that  DA(D+a-)  =  Dn(Dfj3),  c&i 3,  if  and  only 
$  $ 

if  or  and  /3  belong  to  Lq,  a,  (1  ±  0.  Therefore,  if  Lq  =  (0,xx,  -XjJ,  Dr=D  im¬ 
plies  r  leaves  the  sets  D+x^  invariant  or  interchanges  them,  and  (dAem-x^Jt 
=  D A D+x^  =  DAD-x^.  Thus  (0,Sq)t  =  (0,Sq).  The  sets  D  +  0,  x,  and  x</L*, 

are  the  only  sets  D  +  a  such  that  j  D  A  D+a^A  I>f  a  |  =  3  (|D  A  EH-a^A  Eh-ix  |  =  2 
for  i  *  O).  Thus  r  must  permute  the  sets  DfOx,  x^L*,  which  implies  3.  The 
intersection  of  these  six  sets  is  easily  seen  to  be  (0,Lq),  so  that  (0,Lojr 
=  (®^0)>  an<3  this  with  (0,Sq)t  =  (0,S  )  implies  6.  The  triple  intersections 

DAD+xAD+y,  x,y^LQ,  x  #  y  are  either  empty  or  consist  of  (i,L^|  if  x^eL^ 
(x=-y).  Thus,  since  r  permutes  these  sets,  r  permutes  the  triple  intersec- 
tions,  which  proves  4.  Part  5  follows  from  the  fact  that  if  x,y  ^Lq, 

D+xAD+y  =  (0,SQ+xn  SQ+y)U  (i,Ljj+xj  with  y-x  eL^  (so  L^+x  =  L^+yj.  Since  the 
sets  D+x,  x^Lq  are  permuted  by  t,  and  the  sets  (0,L  +x)  are  also  permuted  by 
t.  it  follows  that  the  sets  (i,L^+xj  also  are. 
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LEMMA  2.  If  r  is  any  automorphism  of  the  design,  and  (EM-iO)r  =  EM-jz^, 

then 

1.  (1,L0)t  =  (j,Vzi) 

V 

2.  (i,L+x)r  =  (j,L+y) 

3.  ( D+ix)  r  =  D+jy 

4.  (i+m,Lmjr  =  (n+j.L+^j 

5.  (i+m,Lm+x)T  =  (n+j,Ln+y+Zl) 

Let  denote  translation  by  /3:  oT^  =  ca-f3  for  all  a.  Then  T^rT  jz^=  r' 
leaves  D  fixed,  and  1-5  follow  directly  from  the  corresponding  statements  of 
Lemma  1  applied  to  r1 . 

The  statements  of  Lemma  2  show  that  r  defines  a  permutation  r ^  of  the 
group  of  order  4,  such  that  ( EM-ix)  r  =  D+(ir^]y,  and  ( ix)  r  =  (ir^.zj  for  all 
xeAg.  Note  that  in  4  and  5  n  =  (m+i)T^-j. 

LEMMA  3.  Let  r  be  any  automorphism  of  the  design,  and  write  ( ix)  r  =  ir^, 
xr Then  each  is  a  collineation  from  the  i  plane,  the  set  of  (i,x),  to 

the  plane  ir^,  Ag. 

This  follows  from  Lemma  2. 

LEMMA  4.  Dr  =  D  implies  (EM-ix)  r  =  (  EM-  ((ir4  ),  ( xro  )) . 

Proof.  Suppose  first  i  *  0.  Since  D  nD+ixn(  0,Ag)  =  (0,(L  j+xjO  SQ  j 
the  sets  EM-ix  are  uniquely  defined  by  their  intersection  with  DO(0jAgj: 
this  intersection  is  a  pair  of  points  which  defines  a  line,  which  is  parallel 
to  L_^  for  some  i.  The  point  x  is  then  determined  uniquely  by  the  fact  that 
these  two  points  are  on  L  ^+x  and  not  on  Lq.  Thus,  the  formula  holds  for 
i  *  0.  since  Dr  =  D,  and  thus  (0,Ag)r  =  (0,AgJ  by  Lemma  1.  Now,  to  show  the 
formula  holds  for  i=0,  observe  that  D+x  OD^iy  0  (0,Ag  j  =  (0,SQ+xriL  .,+yj  so 
that  we  can  recover  x  from  D+x  D  EM-iy 0 (0,Ag )  for  all  i#0.  Since  the  formula 
applies  to  the  sets  EM-iy,  i#0,  it  therefore  applies  also  to  the  EM-x. 
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LEMMA  5.  ix  =  fl  Dfjy  for  y-xeL^__. . 

It  is  clear  Chat  ix  is  in  the  intersection  of  the  nine  sets  above  (and 

the  six  secs  B*-iy,  x-yeS  \.  If  nzeflDfjy  then  z€L  .-fry,  for  all  y  such  '-hat 

o  /  n-j 

yeLi  «,  j#i.  We  then  must  have  n=i,  as  otherwise  z  belongs  to  the  inter¬ 
section  of  three  parallel  lines.  But  then  z=x,  since  z-x  belongs  to  two  dif¬ 
ferent  lines  through  0,  (there  are  at  least  two  =  L^_^  through  0,  m  *  Oj . 

LEMMA  6.  Dr  =  D  implies  ( j-i)  r^  =  jr^-ir^. 

There  is,  of  course,  nothing  to  prove  in  case  the  group  of  order  four  is 
Kj,  since  then  any  permutation  which  preserves  0  is  an  isomorphism.  We  need 
the  lemma  only  to  show  that  2r4  =  2,  2eZ^. 

Since  ix  =  fl IDfjy,  j  *i,  ycL^+x,  we  have  (ix)r  =  fl(Drjy)r  =  Df(jr4,yro) 

by  Lemma  4,  with  j#i,  yeL^  ^+x.  We  know  that  (ix)r  =  ir4,z  for  some  z.  Ex¬ 
amine  the  elements  of  the  form  ir^  in  fl  ( EM-jy)  r:  (ir^,z)  e  n  (Dfjy)  r  if  and  only 

if  zt'L,  .  +  (  yr  \  for  all  j^r,  yeL,  .+x.  As  before,  we  see  that  we  must 

It, -j  ~4  '  o!  l-j 

1c  If. 

have  L,  .r  =  L.  _  •  But  from  Lemma  2,  part  4,  with  i=-m,  we  see  that 

i-j  o  1  r4~lJ4 

(0,L  \r  =  (0,L  i  «+  3  so  that  L *r  =  L*  ,  ,  t,  so  we  must  have 
'  nl  \  -(-n»T4)  -m /’  i  o  -(“ir4j 

“(j-i )  =  ir^-jr^,  as  asserted.  (For  i=j  the  lemma  follows  from  Lemma  1.) 


THEOREM.  Any  automorphism  of  one  of  the  designs  is  just  a  trivial  auto¬ 
morphism  (xr=ca7+/3o,  with  a  a  multiplier ]. 

This  theorem  destroys  the  hope  that  an  interesting  new  permutation  group 
might  arise  as  the  automorphism  group  of  one  of  these  designs.  It  was  shown 
in  the  last  annual  report  that  at  most  two  of  the  seven  designs  are  isomorphic. 

If  Dr  =  Dt-gt,  we  may  replace  r  by  rT  ^  and  so  we  may  assume  Dr  =  D.  Then 
from  Lemma  6,  and  Lemma  2,  part  4,  we  have  (0,Lmj7  =  ^0,Lm^  +Z  ^  jwith 

m  .  mT4  1,1  / 

(DnnO)r  =  D+mr4,Zm  =  D+(nr4,0ro)  by  Lemma  4;  Dr  =  D  implies  0rQ  =  0,  and  so 
(O.L^jr  =  J*  Thus  tq  must  take  a  line  L^  not  through  0  into  itself, 
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since  Or  =  0-  But  for  each  of  the  seven  sets,  the  multiplier  group  is  such 
o 

that  L  ant  any  line  not  through  0  will  be  preserved,  and  otherwise  the  L,  can 
o  r 

be  permuted  arbitrarily.  Thus,  by  following  r  by  a  multiplier  as  well,  we 
may  assume  that  the  lines  are  all  left  invariant,  (and  in  the  case  OeL^ 
for  all  i,  that  the  plane  0,Ag  is  left  invariant) .  But  then  tq  is  the  identity, 
and  thus  by  Lemma  4  r  is  the  identity. 
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PART  VIII 

THE  COVERING  RADIUS  01'  SOME  BCH  CODES 


If  we  are  given  an  arbitrary  block  code  of  block  length  n  the  covering 
radius  is  the  maximum  number  of  changes  that  must  be  made  in  a  word  of  length 
n  in  order  to  change  it  into  a  code  word.  Thus,  for  each  word  w  of  length  n 
we  compute  min|w-x|  for  x  in  the  code,  and  the  maximum  of  these  is  the  cover¬ 
ing  radius  of  the  code. 

Gorenstein,  Peterson,  and  Zierler  have  shown  that  the  covering  radius  of 
the  binary  weight  >  5  BCH  codes  is  3.  We  shall  derive  some  facts  about  the 
packing  radius  of  some  BCH  codes  with  a  odd. 

The  BCH  codes  over  a  field  with  q  element  have  length  qn-l,  and  are  de- 

’  "X  *  £ 

fined  as  the  set  of  all  vectors  |v^ j  such  that  2)v^cr  =0,  j  =  1, **,t  with 
a  a  primitive  element  of  G?(qn).  Of  course  for  j  =  mq  the  equation 
Yj  v,  =  0  follows  from  the  equation  ^v^cn^111  =  0.  The  maximum  weight  is 
>  t  +  1. 

We  note  that  the  defining  equations  for  the  code  could  be  written 

£v  xJ  =  0,  x  ranging  over  the  distinct  elements  of  GF\qn)*. 
x 

To  correct  a  given  vector  v  we  try  to  find  a  vector  v'  such  that  v-v' 

} 

is  in  the  code  and  v1  has  weight  as  small  as  possible.  If  v  =  /v^j, 
v'  =  |v^  |  we  let 


E 


11 
v.a  J 
i 


S.. 

J 


Then  we  must  have 


1  <  j  <  t,  sc  that 


E 


ij 
v.a  J 
i 


We  want  E  vix£  =  distinct,  and  as  few  *  0  as  possible.  We 

note  that  we  can  drop  the  requirement  of  the  x^  being  distinct,  since  we 
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could  always  group  equal  x^,  and  all  the  corresponding  v^.  W p  also  note  that, 
if  q  =  pS,  S?  =  S?j,  as  Sj  =  implies  =  (E^^)13  =  EvixiP* 

For  t  =  1,  the  BCH  code  has  weight  3  if  q  is  even  (we  then  get  the 
Hamming  code) ,  but  weight  2  if  q  is  odd.  We  can  always  correct  by  a  weight 
one  vector  in  exactly  q-1  ways:  we  must  solve  vx  =  with  veGF(q),  and  for 
±  0  there  are  q-1  solutions.  For  t  =  2  and  q  odd,  we  have  the  following 
interesting  observation. 

THEOREM.  If  q  is  odd,  n  >  1,  the  BCH  weight  >  3  code  has  covering  radius 
3  if  n  is  even,  2  if  n  is  odd,  q  >  3.  The  covering  radius  is  3  for  q  =  3. 

Note  that  for  q  =  3s,  the  weight  is  >  4. 

We  must  solve 

aX  +  bY  =  Sx 

aX2  -f  bY2  =  S2 

with  S.^  arbitrary  elements  of  GF(qn)  if  the  covering  radius  is  to  be  2.  If 
*  0,  take  a  =  1,  b  =  -1: 

X  -  Y  =  SL 

X2  -  Y2  =  S2  or  X  +  Y  = 

which  can  always  be  solved.  Thus  we  can  correct  all  the  vectors,  except  those 
lying  in  the  BCH  code  for  t  =  1,  by  a  weight  2  vector.  (We  can  correct  by  a 

s*  \ 

weight  1  vector  if  *  0  and  —  eGF(q)  .1 

2 
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If  =  0,  we  would  have 

eX  +  bY  =  0 
aX2  +  bY2  =  S2 


2  =  °  S2 
a(  a+b) 


c(c+l) 


This  equation  can  be  solved  in  GF(qn)  if  and  only  if 


c(c+l) 


is  a  square. 


and  of  course  Sg  need  not  be  a  square.  In  that  case  we  try  to  make  c(c+l) 
also  not  a  square.  This  is  possible  only  when  n  is  odd,  since  when  n  is  even, 
GF  (q11 )  3  GF  (q2 ),  and  GF  (q2 ) ,  being  the  unique  field  of  degree  2  over  GF(q),  is 


obtained  by  adjoining  the  square  root  of  any  nonsquare  in  GF(q). 


However,  for  q  =  3,  Sg  a  square  in  GF(qn),  c(c+l)  =  0  or  -1  for  ceGF(q) ; 
c(c+l)  =  0  is  impossible.  For  q  =  3  and  =0,  a  square,  we  cannot  solve 
the  equations  in  two  unknowns.  We  can  always  solve  in  three  unknowns  by  the 
simple  device  of  reducing  to  tne  case  #  0  by  a  weight  1  vector,  and  then 
correcting  by  a  weight  2. 
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PART  XX 

ON  THE  PETERSON,  ET  AL.  AFFINE-INVARIANCE  THEOREM 

Peterson  [ 1]  has  proved  that  extended  BCH  codes  are  invariant  under  the 
affine  group,  and  Kasami,  Lin,  and  Peterson  [2]  found  necessary  and  sufficient 
conditions  for  an  extended  cyclic  code  to  be  affine-invariant.  This  report 
gives  two  slight  extensions  of  the  latter  result;  namely,  it  shows  that  the 
extension  of  the  code  is  unique  and  chat  fewer  computations  are  needed  to 
verify  whether  a  given  code  is  affine- invariant. 

k 

A  cyclic  code  of  length  q  -1  over  F  =  GF(q)  can  be  regarded  as  the  set  C 
of  all  functions  h  with  values  in  F  defined  on  the  multiplicative  group  of 
K  =  GF(qk)  satisfying 

Y,  h(a)a*  =  0  iel  ( 1) 

are? 

for  an  index  set  I  defined  by  the  condition  that  ^  is  a  root  of  the  generator 
polynomial  g(x)  of  the  code  for  a  fixed  primitive  element  C  of  K.  In  particu¬ 
lar,  we  choose  I  to  be  contained  in  0,  1,  ...,  q^-2.  This  statement  is  easily 
verified  if  one  thinks  of  h(ar)  as  the  j-th  coordinate  of  a  code-vector,  where 

a  =  Cj- 

That  the  code  is  cyclic  is  the  same  as  saying  that  heC  implies  h^eC  for 
every  /3eK*,  where  h^(Q')  is  defined  as  h(Pa)  for  each  areK*. 

We  shall  derive  a  set  of  necessary  and  sufficient  conditions  on  the  code 
and  on  the  definition  of  h  at  0,  i.e.,  on  how  to  extend  the  code,  so  that  the 
extended  code  is  invariant  under  the  affine  group  (x  —  ax+b)  of  K.  That  is, 
we  get  a  new  "code"  C'  by  extending  each  function  h  to  K  by  assigning,  in  any 
way  at  all,  a  value  h(0),  and  we  ask  under  what  conditions  on  h(0)  and  the  code 
C  we  get  affine  invariance  for  C’ . 

We  need  only  check  for  translation.  Let  Then  C'  is  affine-invari¬ 

ant  if  and  only  if 
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Y  h(oH-/3)cr^  =  0 
ai? 


and 


h  (#J)  =  hP(0) 


8.  . 

where  h  (or) 


h(  £*+£),  cue K. 


id,  /3<-K* 


condition  (2)  implies  h^€C 


(2) 


Mote  that  0  cannot  be  in  I  if  condition  (2)  holds  unless  the  code  is  the 
0-code,  for  then  we  would  have 


h(0)  =  -  Y  h(«) 

at  Offi 

for  all  Pelf.  This  means  h(0)  =  hO')  for  all  P,  P'ejf,  and  thus  h(of)  =  c 
for  all  aeK.  Now  condition  ( 1)  implies  c  =  0. 

Now  condition  (2)  holds  if  and  only  if 

£  h(a)  (ff-0)1  =  0,  id,  £eK* 

aeK 

and  \  (3) 

HP)  =  hf*(o) 

Note  that  the  sum  in  condition  (3)  is  now  purposely  over  all  a  in  K  and  that 
the  unwanted  terra  h{P)  does  not  enter,  condition  (3)  is  equivalent  to 


and 


(4) 
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If  we  set 


yj 


(-1)3 


^h(o')o*j,  then  condition  (4)  is  equivalent  to  saying  that 
aeK 


the  polynomial 


IQ 


’j" 


has  each  /3  in  K  as  a  root 
i  <  qU  -  1, 


and  hi0)  =  h^(0) 


.  This  means  that,  since 


for  j=0,  1,  i,  y ^  =  0,  iel,  and  h (P)  =  h^(0) 


(5) 


and  conversely. 

The  meaning  of  the  binomial  theorem  is  in  particular  that  y_  =  7)h(or). 

Since  IqI  =  1  for  all  iel,  v;e  find  that  condition  (5)  is  equivalent  to 


£h(c)  =  0  for  all  heC1, 


ae  K 


and 


for  each  iel,  every  j  in  the  range  0  <  j  <  i  satisfies 
either  jel  or  =  0  (mod  p) 


(6) 


where  q  =  p  for  the  prime  p. 

To  see  that  condition  (5)  implies  condition  (6)  notice  that  y^  =  0  is  not 

the  condition  that  Oel,  but  that  y.  =  0  for  0  <  j  <i  is  the  condition  that 

J  B 

jel.  For  the  converse,  we  need  only  to  show  that  h(/3)  =  h  (0)  for  each  /3eK. 
Now 


h%)  =  -  £h^(a)  =  -  Yj  h(ciH-0)  =  h((3)  -  £h(ar+/3)  =  h(.G) 

crfQ  otfO  aeK 

We  have  proved  the  Kasami-Lin-Peterson  theorem  and  have  shown  that  this 
definition  of  h(0)  is  the  only  definition  that  admits  the  affine  group  as 
automorphisms. 
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(s)  -IT  G:) 


One  can  write 


(mod  p),  where  i  =  F  i  pm  and  j  =  F  i 
i  ^  m  — 1  -’m 


m  *  * 
p  with 


0  <  i  <  p;  then  Condition  (6)  becomes 
—  mm 


/]h(ar)  =  0 

ceeK 


(7) 


and  for  each  i€l,  and  j  satisfying  0  <  j  <  i,  j  <  i  for  all  m 
implies  j€l.  m 


m 


It  is  possible  to  weaken  the  hypothesis  of  Condition  (7)  as  follows.  Let 

?  be  a  primitive  root  of  1  of  order  q  -  1.  and  let  the  roots  ox  the  generator 

polynomial  g(x)  be  j^,  where  i  runs  over  a  set  I  contained  in  jo,  1,  . ..,  q^-2|. 

Since  g(x)  has  coefficients  in  GF(q),  I  consists  of  a  union  of  orbits  under 

k 

multiplication  by  q  (and  reduction  mod  q  -1):  I  =  C^U...uCt. 

LEMMA.  From  each  orbit  select  one  integer  i1 .  Suppose  that  for  each  such 
i'  we  have:  0  <  j  <  i'  implies  Q  j  =  (mod  p)  or  j€l.  Then  the  same  is  true 
for  each  id;  in  other  words,  the  cyclic  code  generated  by  g(x),  when  extended 
as  above,  is  invariant  under  the  affine  group  if  and  only  if  Condition  (7)  holds 
for  one  value  of  i  from  each  orbit. 


Proof.  We  use,  of  course,  the  well-known  relation  mentioned  above: 


(mod  p) 


where  i  =  £  i  pn  and  )  =  F  j  pn,  with  0  <  i  ,j  <  p.  (pN+1  =  qh.)  Notice  that 

q  n  ’  o  n  —  n  n  ' 

we  must  reduce  each  integer  under  consideration  mod  q  -  1  to  a  value  between 

0  and  q  -  2.  Since  q  =  1  Iraod  q  -  1  I  we  find  that  qi  has,  in  our  terms, 

coefficients  of  its  bace-p  expansion  which  are  a  cyclic  shift  of  those  of  i. 

Now  suppose  i  is  any  element  of  I  and  let  i1  be  the  element  in  the  orbit 

of  i  satisfying  the  hypothesis  of  the  Lemma.  Let  0  <  j  <  i  and  suppose 

(i '  id 

4  0  (mod  p) .  This  means  in  >  jn  for  every  n.  Multiply  i  by  q  to  move  i 

to  i1.  Let  j’  be  the  element  in  the  orbit  of  j  congruent  to  qra j .  Then,  since 
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both  the  i  1  s  and  the  j  1  s  have  been  cyclically  shifted 
n  n 

have  0  <j*  <  i'  and  f  0  (mod  p) .  Therefore  j*elf 


by  the  same  amount, 
hence  j£l. 


we 


REFERENCES 

1.  W.  W.  Peterson,  "On  the  Weight  Structure  and  symmetry  of  BCH 
Codes,"  Scientific  Report  AFCRL-65-515,  Air  Force  Cambridge 
Research  Labs.,  Bedford,  Mass.,  July  10,  1965. 

2.  T.  Kasami,  S.  Lin,  W.  Peterson,  "Some  Results  on  Cyclic  Codes 
which  are  Invariant  Under  the  Affine  Group,"  Scientific  Report 
AFCRL-66-622,  Air  Force  Cambridge  Research  Labs.,  Bedford, 
Mass.,  August  15,  1966. 


IX- 5 


S-7167-1 


PART  X 

FACTORIZATION  OF  CYCLOTOMIC  POLYNOMIALS  OVER  CERTAIN  QUADRATIC  NUMBER  FIELDS 


We  calculated  some  factorizations  which  we  record  here. 

£ 

If  £  is  a  rational  odd  prime  the  polynomial  X  -  i  has  a  root  field  of 
degree  £-1  over  the  rational  field  Q.  This  field  has  a  unique  quadratic  sub¬ 
field  L  =  Q^+£j,  where  the  sign  is  such  that  +£  =  +  1  (mod  4).  Let  z  be  a 
primitive  £-th  root  of  1  over  Q.  The  subfield  L  is  also  generated  by  77,  where 

T)  =  Yj  zV ,  the  sum  over  r  in  R,  the  set  of  all  quadratic  residues  modulo  £.  7j 

2 

and  its  conjugate  77  are  the  roots  of  x  +  x  +  (l+£)/4;  here  the  opposite  sign 
is  chosen,  so  that  the  constant  term  is  an  integer.  In  particular,  they  sat¬ 
isfy  7]  +  rj  =  -1.  The  polynomials  we  wish  to  calculate  are 


g(X)  =  Jf  (X-zr)  and  g(X)  -  Jf  (X-zSr) 
reR  reR 

where  s  is  a  fixed  quadratic  nonresidue  mod  £.  Thus  g(X)  is  the  conjugate  of 
g  (X). 

To  start  with  we  observe  that  if  £  =  -1  (mod  4),  then  -l^R  and,  therefore, 
g(X)  =  -X(*"1)/2  g  (x’1) 

(£-l)/2  s 

since  the  constant  terms  are  (-1)  '  N(z)  =  -Nz  and  -Nz  ,  N  being  the  norm 

S  l'f’S  £ 

from  Q(z)  to  L.  Since  1  =  Nz  •  Nz  =  (Nz)  =  (Nz)  for  every  quadratic  non¬ 
residue  s  mod  £,  Nz  must  be  1  if  £  >  3.  In  other  words,  the  sura  of  all  r  in 

R  is  divisible  by  £  if  £  >  3.  (This  is  true  for  any  prime  £  >  3.)  And  alter- 

natively,  the  sum  of  all  the  elements  in  any  multiplicative  subgroup  of  GF(£) 
is  0,  as  the  sura  of  all  the  roots  of  1  of  a  given  order  in  a  field. 

Next  we  have,  setting  ra  =  (£-l)/2, 

g(X)  =  X10  -  T)  X111"1  +  ...  +  V  X-l 

g(X)  =  x"1  -  rj  x"1'1  +  ...  +  v  X-x 


X-l 
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n 

i 


V 


t  J 


lx  ! 


I 


1 


for  the  case  £  =  -1  (mod  4).  This  already  settles  the  case  £=7: 


g(X)  =  X3  -  7j  X2  +  v  X-l 


i(x)  =  x3  -  i?  x2  +  v  x-i 


£  =  7. 


(x-77)  (x-77)  =  x  -i-  x  +  2  / 

For  higher  values  of  £,  we  need  to  use  such  things  as 


R+R  =  R«  j-  ^  R(£=4v-i) 


the  meaning  of  which  is  explained  in  our  1966  report,  pages  III-33  ff.  We  find 


I 


g(X)  =  X°  -  77  X4  -  X3  +  X2  -  (1+7/) X-l 


(x-77)(x-7j)  =  X  +  X  +  3 


g(X)  =  x6  -  77  x5  +  2X4  -  ( I+77 )X3  +  2X2  -  77X+I 


(x-77)  (x-77)  =  x  +  x  -  3 


(£  =  11) 


(*  =  13) 


X-2 


g(X)  =  X11  -  7?  X10  -  ( 3+77 )X9  -  4X8  +  (?7-3)X7 


+  (2t7-1)X6  -  (2Tj-l)X5  -  (7]-3)X4  +  4X3 


+  ( 3+77 ) X2  +  77  X-l 


{x-77)  (x-77)  =  x  +  x  +  6 


(£  =  23) 
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PART  XI 

A  THEOREM  OF  GLEASON  AND  PIERCE* 

The  following  is  a  slightly  shorter  proof  of  a  theorem  proved  by  J.  Pierce 
and  A.  Gleason.  Only  the  second  part  of  the  proof  is  different.  The  question 
is  the  existence  of  codes  which  are  formally  self -orthogonal,  i.e.,  have  the 
same  weight  distribution  as  their  orthogonal  complements  and  in  which  the 
vectors  all  have  weight  a  multiple  of  the  integer  t.  Examples  of  such  codes 
are  the  extended  quadratic  residue  codes  over  GF(2)  in  which  all  vectors  have 
weight  a  multiple  of  4,  the  extended  cyclic  (13,  6)  code  over  GF(4)  in  which 
all  vectors  have  even  weight,  the  set  of  even  weight  vectors  in  any  group  code 
over  GF(2),  and  the  extended  quadratic  residue  codes  for  primes  of  the  form 
12k-l  over  GF(3)  with  t  =  3. 

Let  A^,  B^.  denote  the  number  of  vectors  of  weight  i  in  a  group  code  over 
GF(q)  and  its  orthogonal  complement,  respectively,  and 


<*(x,y)  =  Z‘\  x1  yn~x  ,  0(x,y)  =  Zsi  x1  y""1 

with  n  =  code  length,  k  =  dimension  of  the  group  code.  The  MacWilliams  iden¬ 
tity  states  that 


a(y-x,  y+(q-l)  x)  =  q  0(x,y) 
or,  in  nonhcrmogeneous  form,  with  x/y,  =  z. 


(1  +  (q-1)  x)n  «(1->;i)z,  l)  =  /3(z,  1) 


This  is  a  corrected  version  of  Section  VIII  of  our  Report  of  April  28,  1965, 
under  Contract  No.  AF19(604) -8516 . 
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Thus,  if  the  group  code  is  formally  self -orthogonal,  we  have 
a(x,y)  =  0{x,y)  and 

n/2 

a(y-x,  y  +  (q-1)  x)  =  q  a(x,y) 

If  A.  =0  unless  i  =  kt,  i.e.,  all  the  weights  are  multiples  of  t,  then 
a(x,y)  =  a(ox,y)  if  u  =1. 

Let  T^,  Tg  be  the  fractional  linear  transformations 


Tx(z) 


1-2 

l+(q-l)z 


T2(z)  =  ojz 


If  a  is  the  polynomial  associated  with  a  formally  self-orthogonal  code 
with  all  vectors  of  weight  a  multiple  of  t,  then  T^,  Tg  operate  on  the  "homo¬ 
geneous"  roots  of  a  (we  allow  X  =  oo  with  the  usual  conventions:  a ,  P  are 
homogeneous  polynomials  and  (a,  b)  is  a  root  of  a  if  bx  -  ay  divides  a.  Since 
a  is  a  homogeneous  polynomial,  (a,  b)  is  a  root  if  and  only  if  (sa,  sb)  is  a 
root  for  nonzero  s,  and  thus  the  roots  of  a  should  be  thought  of  as  points  of 
the  Riemann  sphere);  a(X,  1)  =  0  implies  a(T(X),  1)  =  0  if  T  =  T^  or  T9  and 
this  holds  for  any  T  in  the  group  G  generated  by  and  Tg.  Thus  the  set  of 
roots  of  a  on  the  Riemann  sphere  is  closed  under  G. 

But  if  G  is  any  group  of  fractional  linear  transformations  and  a  finite 
orbit  contains  three  distinct  points,  G  is  finite.  For  the  number  of  distinct 
triples  of  points  from  the  orbit  is  finite,  and  since  a  fractional  linear 
transformation  leaving  three  points  fixed  is  the  identity,  G  is  finite. 

We  conclude  that  the  group  G  generated  by  T^  and  is  finite  for  t  *  2. 
For  then  if  X  is  any  root  of  a  not  0  or  oo,  Xw1  are  t  distinct  roots  of  a  if  co 
is  a  primitive  t-th  root  of  1.  (If  X  =  0  or  oo,  T^(X)  =  — —  or  1,  another  root 

of  a. )  If  t  =  2,  T^(z)  =  z  only  for  z  =  and  T^(z)  =  -z  for  z  =  + 
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The  set  of  roots  of  a(x.y)  can  consist  of  two  values  only  for  X  =  +  — —  ,  as 

yjl^q 

otherwise  X,  -X,  T, (-X)  will  be  distinct.  Therefore,  we  must  have 
/  2  2\n/2 

a(x,y)  =  c(y  +  (q-1)  x  )  with  c  constant  (and  thus  clearly  1).  In  fact, 

the  direct  product  of  the  code  ( ct*, "yo?)  | ,  y  +1  =  0,  with  itself  n/2  times  has 
this  distribution  and  is  self-orthogonal.  Except  in  this  case,  every  element 

1-coz 


of  G  must  be  of  finite  order  since  G  is  finite.  T.T0  =  -.  /  +r 

I  i  JL+(q-Ijcoz 

finite  order,  i.e.,  some  power  of  the  matrix 


must  be  of 


f-  co 


Jq-l)o> 

must  be  a  scalar  multiple  of  the  identity  matrix  (the  identity  as  a  projective 
transformation).  We  assume  that  co  ^  1. 

The  eigenvalues  x^,  x^  of  T^T^  satisfy  the  equation 
x2  +  (co-1)  x  -  coq  =  0 

/xl\m  X1 

If  |T^T2jm  =  cl,  we  must  have  j  =1,  i.e.,  —  is  a  root  of  1.  Then 


2  2 

„  X1  X2  „  X1  +  X2 
2  +  —  +  —  =  2+  - - — 

x2  X1  X1X2 


(Xl+X2)' 

X1X2 


-(w-lV 

co  q 


is  an  algebraic  integer,  and  q  divides  (w-1)  .  But  if  co  is  a  t-th  root  of  1, 

1-co  is  a  unit  if  t  is  not  a  prime  power  and  (1-co)  ’  =  (p)  if  t  =  pJ  (an 
equation  of  ideals).  Thus  we  must  have  0(t)  =  1  or  2.  If  0(t)  =1,  t  =  2 
and  co  =  -1.  Then  —  is  an  algebraic  integer,  and  q  =  2  or  4. 
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If  $(t)  =  2,  t  s  3(  4,  and  6.  However,  t  =  6  is  impossible,  since  if  cj 

is  a  primitive  6-th  root  of  1  we  should  have  -  -  =  —  an  algebraic  integer, 

coq  q  2 

which  is  impossible.  If  t  =  3  and  oj  is  a  cube  root  of  1,  -  =  3,  and 

o 

thus  we  must  have  q  =  3.  Finally,  if  t  =  4,  we  can  let  w  =  i:  —  must  be  an 

<3 

integer,  and  q  =  2. 


We  thus  have  the  possibilities 


